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in  accessible  sources,  but  many  are  not  readily  available.  Some  are  new,  such  as  the  expansion 
of  geodesic  to  second  order  in  the  flattening  in  both  geodetic  and  parametric  latitudes,  and 
conversion  formulas  between  the  two  forms. 

Since  the  entire  treatment  is  mathematical,  an  overall  summary  of  the  investigation  is  first 
presented  to  allow  a  quick  assay  of  the  topics  and  accomplishments.  This  summary  is  followed 
by  a  condensation  of  the  formulas  developed  or  included.  The  details  of  the  actual  development 
follow  in  three  sections  with  computational  examples  in  the  Appendices. 

Paul  D.  Thomas 
Scientific  Staff  Assistant 
Marine  Sciences  Department 
U.  S.  Naval  Oceanographic  Office 
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MATHEMATICAL  MODELS 
FOR 

NAVIGATION  SYSTEMS 

OVERALL  SUMMARY  OF  INVESTIGATIONS 


Latitude 

A  loran  station  positioned  on  the  auxiliary  sphere  of  the  ellipsoid  of  reference  has  as  its 
geodetic  latitude  the  {'.ngle  at  the  equator  made  by  that  normal  to  the  meridian  which  passes 
through  the  station  of  the  sphere.  Its  longitude  will  remain  the  same.  See  Figure  1,  page  13. 
Now  this  is  analogous  to  the  geodetic  latitude  of  a  subsatellite  point,  if  the  trajectory  were 
confined  wholly  to  the  surface  of  the  auxiliary  sphere.  It  is  clearly  not  one  of  the  three 
commonly  associated  latitudes  as  shown  in  equation  (1),  page  12 .  Actually  the  relationship 
between  geocentric  latitude  on  the  sphere  and  geodetic  latitude  on  the  ellipsoid  is  given  by- 
equation  (2).  page  12 .  From  these  one  may  find  the  maximum  value  of  the  difference, and 
the  value  of  <f>,  the  geodetic  latitude,  at  which  this  maximum  difference  occurs,  equations  (3)  — 
(6),  page  14.  The  expansions  of  in  series  in  terms  of  (j)  were  obtained  and  are  given  in 
equations  (7)  -  (20),  pages  15,  16. 

For  computation  of  ^  as  a  function  of  0,  the  geocentric  latitude,  it  was  necessary  to  employ 
the  Lagrange  expansion  formula  and  the  resulting  expansion  and  formulas  are  given  in  equations 
(21)  —  (33),  pages  16  to  18.  Development  of  the  series  expansions  for  the  height,  h,  of  the 
auxiliary  sphere  above  the  ellipsoid  is  given  in  equations  (43)—  (48).  See  Figure  1,  page  13 
and  pages  19,20.  A  summary  of  latitude  formulas  and  a  bibliography  of  pertinent  references 
are  included,  pages  21  —22. 

The  great  circle  track  as  determined  by  the  geographical  coordinates  of  two  given  points  on  the 
auxiliary  sphere.  Parallels  at  a  given  distance  from  a  great  circle  track. 

As  shown  in  figure  2,  page  24,  the  treatment  is  somewhat  different  than  the  usual  one  in 
that  one  works  from  the  vertex  of  the  great  circle  or  the  point  where  the  great  circle  is  or¬ 
thogonal  to  a  meridian.  This  simplifies  computations  and  provides  well  balanced  triangles 
from  which  to  compute.  It  also  facilitates  the  computations  for  parallels  at  a  given  distance 
from  a  fixed  great  circle  track  as  shown  in  Figures  3  and  4,  pages  26 and  27.  See  also 
equations  (1)  —  (13),  pages  23—27. 
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A  spherical  rectangular  coordinate  system  with  a  great  circle  base  line  as  an  axis. 

Figure  5,  page  29,  shows,  pictorially,  this  coordinate  system  developed  on  the  great  circle 
base  line  referenced  to  the  vertex  of  the  great  circle  base  line.  The  conversion  equations  are 
developed  in  equations (14)  to (26), pages  28  to  30. 

Derivation  of  the  equations  of  spherical  hyperbolas  and  their  plane  equivalents. 

Having  established  a  spherical  rectangular  coordinate  system  we  are  in  a  position  to  derive 
the  equations  of  spherical  hyperbolas  referenced  to  the  system.  This  is  done  in  both  spherical 
rectangular  coordinates  and  spherical  polar  form,  equations  (27)  to  (50),  pages  31  to  34.  See 
also  figures  5,  6,  and  7,  pages  29,  32,34 . 

The  plane  hyperbola  equivalents  are  developed  in  equations  (51)  to  (59),  pages  35  and  36 
and  a  comparison  table  of  the  spherical  and  plane  equivalents  is  given  as  equation  (60),  page 
37.  See  also  Figures  (8)  and  (9),  pages  35  and  36. 

An  example  of  computations  using  the  plane  hyperbola  approximation  is  given  as  Appendix  1, 
pages  99  to  110. 

Distance  computations  and  conversions;  Azimuths;  Associated  geometrical  quantities. 

The  classical  “inverse”  problem  of  geodesy  was  considered  here  since  it  is  inherent  in  the 
electronic  navigational  systems  problem.  In  the  “inverse”  problem,  the  latitudes  and  longitudes 
of  each  of  two  points  are  given  from  which  the  distance  between  the  points  and  the  azimuths  at 
the  two  given  points  are  to  be  determined. 

The  geodesic  on  the  reference  ellipsoid,  other  than  meridians  and  circular  equator,  is  a 
space  curve,  and  its  vertex  (the  latitude  where  it  is  orthogonal  to  a  meridian)  is  not  easily  ex¬ 
pressible  in  terms  of  the  geographical  coordinates  (latitude  and  longitude)  of  two  points  on  it. 

The  actual  length  involves  the  evaluation  of  an  elliptic  integral,  whose  modulus  depends  on  the 
latitude  of  the  vertex  of  the  geodesic.  Iterative  solutions  have  been  devised  as  Ilelmert’s, 
based  on  the  earlier  work  of  Bessel. 

Approximations  based  on  plane  curves  which  are  near  the  geodesic  in  length  as  the  normal 
sections  and  the  great  elliptic  arc  have  been  devised.  An  investigation  of  these  was  made, 
including  some  extensions  for  instance  in  the  series  development  for  tiie  great  elliptic  arc 
approximation.  See  pages  48  to  51  and  Figure  15,  page  50.  Also  their  use  and  expression  in 
terms  of  common  computational  parameters  with  some  associated  geometrical  quantities  useful 
in  operational  applications  as  the  angle  of  depression  of  the  chord  below  the  horizon,  the 
maximum  separation  between  the  chord  and  the  surface,  and  the  geographic  coordinates  of  the 
point  on  the  surface  where  maximum  separation  occurs. 

An  investigation  of  the  expansion  of  the  geodesic  length  in  powers  of  the  flattening  was 
made  which  to  first  order  in  the  flattening  arc  the  well-known,  so-called  Andoy  er-Lambert 
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approximation  formulas,  one  in  terms  of  parametric  latitude,  the  other  in  terms  of  geodetic 
latitude.  Since  this  Office  uses  the  Andoy er-Lamhert  form  in  terms  of  parametric  latitude,  in 
which  geographic  latitudes  must  first  be  converted  to  parametric,  an  investigation  was  made  to 
see  if  use  of  the  parametric  form  to  first  order  in  the  flattening  was  justified  or  necessary  in 
terms  of  operational  requirements.  This  was  done  in  connection  with  a  review  of  an  extensive 
study  by  USAF  (AGIO  of  geodetic  lines  up  to  6000  miles  in  length  where  the  Andoy er-Lambert 
approximation  was  recommended  for  such  tasks  as  L0R.\N  computing,  since  the  errors  in  the 
very  neai  geodetic  distan^-es  obtained  are  fairly  constant  on  lines  50  to  6000  miles  in  length 
and  in  all  azimuths.  The  comparisons  are  given  in  tables  1  —  3,  pages  65  to  67- 

Since  some  of  the  excursions  in  the  first  order  form  were  of  the  order  of  10  meters,  the 
problem  of  obtaining  the  expansion  of  the  geodesic  to  second  order  terms  in  the  flattening  was 
examined.  By  introducing  two  parameters  X  and  Y,  in  terms  of  the  latitude  of  the  vertex  of  the 
great  elliptic  arc,  it  was  found  that  the  great  elliptic  arc  approximation  produced  the  so-called 
Andoyer-Lambert  first  order  approximations.  (Seepages  68  —  69.)  Similarly  they  could  be 
produced  by  modification  of  the  differential  equation  to  the  geodesic  (See  pages  69  to  74). 

In  review  of  an  1895  paper  by  the  British  Mathematician,  A.  R.  Forsyth,  by  identifying  his 
fundamental  approximation  parameter  as  the  vertex  of  the  great  elliptic  arc,  it  was  found  that 
he  actually  had  both  so-called  Andoyer-Lambert  first  order  expansions  in  the  flattening,  but 
it  had  apparently  not  been  recognized.  Furthermore,  he  had  an  expansion  to  second  order  terms 
in  t!.e  flattening  and  in  terms  of  geodetic  latitude  but  it  had  two  errors  in  the  second  order  term. 
After  these  had  been  detected  and  corrected,  computations  based  on  the  resulting  equations 
give  distances  within  a  meter  on  all  lines  computed  from  50  to  6000  miles.  See  pages  75  to  81. 

Forsyth  did  not  have  the  expansion  to  the  geodesic  in  terms  of  parametric  latitude  to  second 
order  terms  in  tlie  flattening,  so  his  results  were  extended  to  second  order  terms.  See  pages 
79  to  90.  Then  transformation  equations  were  developed  to  convert  one  form  to  the  other  as  far 
as  second  order  terms  in  the  flattening,  pages  90  to  92,  and  finally  the  difference  formulas  for 
the  piincipal  parameters,  pages  92  to  93.  As  a  result  of  this  study,  distance  and  azimuth 
formulas  are  available  in  terms  of  easily  computed  parameters,  in  terms  of  either  parametric 
or  geodetic  latitude  which  will  give  distances  over  all  lines  within  a  meter  and  azimuths  within 
a  second  which  is  adequate  for  any  operational  requirement.  A  more  detailed  summary  of  the 
investigations  of  this  section  with  a  bibliography  of  references  is  given  on  pages  93  to  97. 
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COLLECTED  FORMULAE 


NEW  LATITUDE  FORMULAS 

If  6  is  the  geocentric  latitude  of  a  point  P(acos0,  a  si:i0)  on  the  auxiliary  sphere,  then  the 
corresponding  geodetic  latitude  ^  of  P  at  an  altitude  h  above  the  ellipsoid  of  reference  as  shown 
in  Figure  1,  is  given  by 

sin  A<i  =  sin(c6— 0)  =  (e^/2a)  Nsin  26  =  (e^  sin  6cos  6)  / (1  — e^sin 
=  c,sin  26  -  Cjsin  46  +  Cjsin  66  —  C4sin  86, 
c,  =  (e"'2)  +  (eV'8)  -!  (15eV236)  +  (35e*  0024) 

Cj  =  (e"  '16)  -t  (3e‘  '64)  +  (35e’/1024), 

C3  =  (3e‘  ''256)  r  {15e'  ''1024), 

C4  =  5e*  '2048 

With  the  same  coefficients, 

6  -  0  =  A6  (radians)  =  (c,  +  c,^/8)  sin  26  -  (cj  +  c,^Cj/4)  sin  4^  +  (cj  —  c,^/24)  sin  6^ 

A6  (seconds)  =  (206,264.8062)*  A^  (radians). 

'I'o  express  '\6  in  terms  of  0,  we  have 
tan6  =  tan  0  +  (e^  'a  cos0)  \  sin6 

=  tan  0  +  (c^  'cos  0)  sin  6  '(1  —  c^si'i 
which,  when  expanded  by  tl'.e  Lagrange  cx|)ansion  formula  gives 
A(/i  =  6  -  0  =  c,  sin  20  +  Cjsin  40  ^  Cjsin  60  +  C4sin  80 
c,  '  (e"  '2)  +  (e''  '8)  ^  (He"  '256)  +  (31eVl024) 

Cj  =  (.•’e''  '16)  +  (5e‘'  '64)  +  (25e*''1024) 

C3  =  (77e‘  '768)  +  (59e®  '1024), 

C4  =  127c*  '2018 

'I'he  distance  h  is  given  by 

li  'a  '  cos  \6  -  a  '\  =  cos  \6  -  (1  —  c^siiP6)^^ 

"  (1  —  c^siiP6)“'^^  {[1  — c^siiP6(l  ^  c\'os^6))’/^  —  1  +  c^sin*6} 
h  =  a(d,  —  djcos  26  + Jjvos  46  -  d4Cos66  ^  d,  cos  86) 
d,  =  (o'  '4)  -  (e*  '() !)  -  (Sc*  '256)  -  (233e*  '1638  t) 

(\,  r  (o'  'D  +  (c"  '16)  4  (7c*  '512)  +  (3c*/2048) 
d,  -  (oc*  '61)  +  (lie*  '256)  -t  (115c*  '40%) 
d4  =  (Oc*  '512)  +  (37c*  '2048) 
d.  -53c* '16381 


STANDARD  LATITUDE  FORMULAS 

The  three  latitudes  usually  associated  with  the  auxiliary  sphere  ellipsoid  configuration  as  shown 
in  Figure  1,  are  the  geocentric,  parametric,  and  geodetic  represented  here  by  ip,  6,  and 
respectively  and  related  through  the  equations 
tan  ip/lan  0  =  tan  0/tan  (p^  =  (1  — 

where  e  is  the  eccentricity  of  the  meridian  ellipse.  The  parametric  latitude,  0,  is  also  called  here 
the  geocentric  latitude  of  points  on  the  auxiliary  sphere. 


LATITUDES  FOR  CLARKE  1886  SPHEROID 

Series  representations,  accurate  to  0.001  second,  for  the  differences  in  <f>,  <po,  0,  ip  are: 
A(p  (seconds)  =  ^  —  0  =  699  r2540  sin  2<p  —  0 15936  sin  4(p  +  0"0004  sin  6(p 
A<^  (seconds)  =  (p  —  6  =  69912520  sin  20  +  117769  sin  4  0  +  010064  sin  60 
A0^,  (seconds)  =  ^  -<p^  =  34910318  sin  20  +  114796  sin  40  +  010061  sin  60 
h  (meters)  =  10,788.3852  -  10,811.2646  cos  2<p  +  22.9147  cos  i(p  -  0.0350  cos  6(p 
<P^-ip  =  70014385  sin  2<p^  -  111893  sin  A<p^  +  010027  sin  e<p^ 

<pQ~  tp  =  70014385  sin  2ip  +  1 11893  sin  4ip  +  010027  sin  6tp 
<Pq~6==  35012202  sin  2<p^  -  012973  sin  4^^^  +  010003  sin  6<p^ 

<pQ-e  =  35012202  sin  20  +  012973  sin  40  +  010003  sin  60 
d-xp=^  35012202  sin  20  -  0."2973  sin  40  +  010003  sin  60 
e-ip^  35012202  sin  2^  +  012973  sin  4^  +  010003  sin  6i/- 


GREAT  CIRCLE 


1  IX 


First  compute  A^and  from 

.  ton  0,  cos  A,  —  tan  0,  cos  A, 

tan  Ao  - - "  ^  ^  ■ 

tan  0,  sin  Aj-  tan  0,  sin  A  , 

cot  00  =  cot  0,  cos  (A,-  A,)  =  cot  0j  cos  (Aj  —  Aj).  (See  Figure  2). 

Then  compute  a,  and  oj  from 

.  cos  00  .  cos  00 

sin  a,  =  - —  ,  sin  a,  =  — — -- 

cos  0,  cos  0j 

Next  compute  S,and  Sj  from 

tan  S,  =  cos  a ,  cot  0, ,  tan  Sj  =  cos  a  j  cot  9^ 

The  computations  for  a, ,  Oj ,  S,  and  Sj  are  checked  by 


cos 


(A j  -  A, )  =  cos  a  1  cos  +  sin  a,  sin  az  cos  (S,  -  Sj) 
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For  equally  spaced  intervals  along  the  great  circle  track,  for  instance  in  100  nautical  mile 

intervals,  let  S  =  Sj+  lOOK,  K  =  1,  2,  3, - ,  n.  With  these  values  of  S  one  computes 

successively  corresponding  values  of  0',  A",  and  a 'from 

sin  6'=  sin  do  cos  S,  tan  (Ao  —  A  0  =  tan  S/cos  do ,  tan  ■a'=  cot  do  /sin  S 
and  checks  by  means  of  sin  0'  tan  (Ao-  AO  •  tan  a'=  1  . 


PARALLELS  AT  A  GIVEN  DISTANCE  FROM  THE  GREAT  CIRCLE  TRACK 

To  compute  the  coordinates  (0p,  Ap)  and  (0p',  ApO  of  points  at  a  given  distance  s  from  a  given 
great  circle  track  and  symmetric  with  respect  to  it  one  computes  (see  Figure  3): 

sin  0|j  =  A  cos  S  ±  B  when  k  =  p,  use  +  sign 

■  \  ^  r  •  c/  k  =p',  use -sign 

sin  (Aq-  Ajj)  =  L  sin  S/cos  0|^ 

S  and  0„  are  the  same  as  given  under  the  great  circle  track  formulas  above  and  A  =  C  sin  0^, 

B  =  cos  00  sin  s,  C  =  cos  s.  The  computations  may  be  checked  by 
cos  2s  =  sin  0p  sin  0p '  +  cos  0p  cos  0p '  cos  (Ap Ap). 


SPHERICAL  RECTANGULAR  COORDINATE  SYSTEM  WITH  A  GREAT  CIRCLE  BASE  LINE  AS 
AN  AXIS 

It  is  assumed  that  the  base  line  has  been  established,  that  is  the  coordinates  {do,  Ao) 
of  the  vertex  of  the  great  circle  base  line  have  been  computed  from  the  coordinates  of  two  given 
points  Qi(0i,  Aj),  02(02,  A,),  see  Figures  2  and  5. 

Formulas  for  computing  y,  S,  x  from  0  and  A 
sin  y  =  cos  do  sin  0  -  sin  do  cos  0  cos  (Ao  -  A) 

sin  do  cos  0  sin  (Ao-  A)  cos  0  sin  (Ao  -  A) 

“  sin  0  -  cos  00  sin  y  “  sin  do  sin  0  +  cos  do  cos  0  cos  (Ao  -  A) 

sin  X  =  sin  (S  -  S,)  cos  y 


Let  C  =  cos  y,  D  =  sin  y,  E  =  sin  x,  A  =  C  sin  0,,  8  =  D  cos  ^  ,  then 
S  =  arc  sin  (E/C)  +  S, 

0  =  arc  sin  (A  cos  S  +  B) 

A  =  Ag  -  arc  sin  (C  sin  S/cos  0) 
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SPHERICAL  HYPERBOLA  FORMULAS  AND  PLANE  EQUIVALENTS 

Spherical  Plane 


(1)  tan  = 

(2)  sin  = 

(3)  tan  R  = 

(4)  tan=(]8/2)  = 


tan  *a  (sin  *c  -  sin* a) 
sin*c  cos*a  -  sin*a 


sin  *a  cos  . 

— —  sin  y  +  sin  a 


r*  = 


(c*-a*) 


c?  cos  *a  -  a* 


sin  c  —  sin  a 

cos  2c  +  cos  2a 
sin  2c  cos  /3  ±  sin  2a 

sin  (c  -  a)  sin  (R  +  c  +  a) 


R  = 


2  2 

a  y  2 

"I - 2+^ 

c  -a 


-2 

a  —  c 


tan*  (/3/2)  =» 


c  cos  j8  —  a 
(c  -  a)  (R  +  c  +  a) 


(c  +  a)  (R  -  c  +  a) 


sin  (c  +  a)  sin  (R  -  c  +  a) 

In  (1)  and  (2)  the  origin  of  coordinates  is  the  midpoint  of  (i  Qj  ,  see  Figure  5.  Equations  (3) 
and  (4)  are  two  polar  forms  with  origin  at  a  focus  Qi,  see  Figwes  (5)  and  (6).  Appendix  1  has 
computations  based  on  the  plane  equivalent  of  (3). 

DISTANCE  AND  AZIMUTH  FORMULAS 

Normal  section  azimuths  (Geodetic  latitude,  <f>) 

[^sin  "  (^^/^4)  sin  ^Je*  cos  sec  <f>2  +  (sin  0,  cos  AX  -  tan  cos 

cot  Gab  - - - 

sin  AX 


cot 


=  - 


Normal  Section 


sin  AX 

iin  -  (Nj/Ni)  sin  e*  cos  sec  +  (sin  cos  AX  -  tan  cos  <f) 

sin  AX 


sin  AX 

don  Azimuths  (parametric  latitude  d) 

sin  di  cos  AX  -  cos  0,  tan  g,  +  e*  (sin  g,  -  sin  g,)  cos  0,  sec  dj 
(1-e*  cos*0,)‘^*  sin  AX 


(1-e*  cos  *0,)’/*  sin  AX 

sin  0jcos  AX  -  cos  0,  tan  0,  +  e*  (sin  0,  -  sin  02)  cos  0j  sec  0j 
(1  -  e*  cos*  02)‘^*sin  AX 


cot  OR  A  =  -  ,  .  , 

(1  -  e*  cos*  02)‘^*sin  AX 

Great  Elliptic  Section  Azimuths  (Geodetic  latitude  0) 

Ni*  (tan  cos  AX  -  tan  ^j)  cos 

cot  gab  =  (1-e*)-^ - — - 

a  SID  AX 

<f)2  cos  AX)  cos  9S. 


cot  gba 
Great  Ellipti 


Nj*  (tan  d),  —  tan 

=  (1  -  e*)  - - - - 

"  sin  AX 


cot  gab 
cot  gba 


=  Vi  -  e  ;  — - - 

a  sin  AX 

iiptic  Section  Azimuths  (parametric  latitude  0) 

(tan  0,  cos  AX  -  tan  0,)  (cos  0,)  (1  -  e‘  cos*0,)*/* 
sin  AX 

(tan  0,  -  tan  0j  cos  AX)  (cos  ^  )  (1  -  e*  cos*  02)'/* 
sin  AX 
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Great  Elliptic  Arc  Distance 

s/a  “  (d,  +  d,)  -H  [(d,  +  dj)  -  sin  (dj  +  dj)  cos  (dj  -  dj)] 

-  (1/128)  [6(di  +  dj)  -  8  sin  (d,  +  dj)  cos  (d,  -  dj)  +  sin  2(d,  +  dj)  cos  2(di  -  dj)] 

~  (1/1536)  k*  [30(di  +  d^)  “  45  sin  (d,  +  dj)  cos  (dj  ~  d^)  +9  sin  2(dj  +  dj)  cos  2(di  -  dj) 
-  sin  3(di  +  dj)  cos  3(d,  -  dj)] 

Where  in  terms  of  geodetic  latitude  <f), 

k  =  (eV  1  -  e  Va)  No  sin  ^o»  <^1  =  3rc  cos  (N,  sin  ^t/No  sin  ^o)> 
dj  =  arc  c  os  (Nj  sin  ^j/No  sin 

sin  ^5  *  [J/(J  +  sin^  AA)]*^,  J  -  tan^^j  +  tan^^j  -  2  tan  tan  <f>2  cos  AA, 
and  in  terms  of  parametric  latitude  6 

k  =  e  sin  6q,  dj  =  arc  cos  (sin  d^/sin  0g),  dj  =  arc  cos  (sin  0  g/sin  dg) 
sin  6g  =  [F/(F  +  sin’  AA)]*'^’,  F  =  tan  +  tan’dj  -  2  tan  0,  tan  0,  cos  AA. 

Also  in  terms  of  parametric  latitude  6,  great  ellipticarc  distance 


s  =  a  rd~(eV8)(Xd-Ysind) 

-  (eV512)  [(6d-  sin2d)  X’  -  8  (sin  d)  XY  +  2  (sin  2d)  Y’] 

_  -  (eVl2288)  [3(10d  -  3  sin  2d)  X*  -  3(15  sin  d  -  sin  3d)  X’Y  +  18(sin  2d)  XY’-4(sin  3d)  Y’] 

(sin  6i  +  sin  0,)’  (sin  6^  -  sin  (9j)’, 

where  X  = -  +  ■  ■  — . 

1  +  cos  d  1  -  cos  d 

Y  (sin  0,  +  sin  $2?  (sin  6(  -  sin  0j)’,  d  =  d,-  d„  where  d„  dj  are  spherical  distances  from  Pi(0i,  A,), 

1  +  cos  d  1  -  cos  d 

P2(^s>Xi)  to  the  vertex  Po(0o>  Ao). 

NOTE:  If  e’  "  2f,  the  higher  order  terms  in  f  then  ignored,  this  becomes  the  so-called  Andoyer-Lambert 
approximation  in  terms  of  parametric  latitude. 


GEODESIC  IN  TERMS  OF  GREAT  ELLIPTIC  ARC,  IN  GEODETIC  LATITUDE  WITH  SECOND  ORDER 
TERMS  IN  THE  FLATl'ENING 

Given  the  points  P,(^i,  A,)  ,  Pj(^j,  Aj)  on  the  reference  ellipsoid,  Pj  west  of  Pj,  west  longitudes 
considered  positive. 

With  +  4>,),  A^^  =  y2{<f>2  -  <^0,  AA  =  A,-  A„  AA^  =  KAA, 

Let  k  =sin  cos  A^i^,  K  =  sin  A<;6n,  cos 
H  =  cos’A^i^  -  sin’^n,  =  cos’^^  -  sin’A^Sn, 

L  =  sin’A^uj  +  H  sin’AAj^  =  sin’(d/2),  1  -  L  =  cos’(d/2),  cos  d  =  1  -  2L, 
t  =  sin’d  =  4L(1  -  L),  U  =  2k7(l  -  L),  V  -  2KVL;  X-U+V,  Y-U-V, 
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T  =  d/sin  d  =  1  +  (t/6)  +  3(tV40)  +  5(tVll2)  +  35(tVll52)  +  63(tV2816)  +,(1  radian  -  206,264.8062  seconds) 
E  -  30  cos  d  ,  A  -  4T  (8  +  TE/15),  D  -  4(6  +  T*),  B  -  -2D, 

C  “  T  -  )i(A  +  E),  f/4  -  0.000847518825,  fV64  -  0.179572039x10'*  (Clarke  1866) 

S  -  a  sin  d  [T  -  (f/4)  (TX  -  3Y)  +  (f*/64)  { X(A  +  CX)  +  Y(B  +  EY)  +  DXY}], 
sin  (oj  +  Oi)  =  (K  sin  AX)/L,  sin  (qj-  a^)  =  (k  sin  AX)/(1  -  L), 

¥2(802  +  &%)  =  -(f/2)  H  (T  +  1)  sin  (02  +  Oi),  ¥2(802  ~  801)  =  -(i/2)  H  (T  -  1)  sin  (02  -  a), 

02^2  —  ^'^ir  rr2.-i  “  O2  802* 

Additional  check  formulae 

(sin  +  sin  ^2)*  (sin  <f>2  —  sin 


X  = 


Y  = 


1  +  cos  d  1  -  cos  d 

(sin  <f)2+  sin  ^2)*  (sin  (f>i  —  sin  ^2) 


=  2  sin^^o  =  2F/(F  +  sin^AA.) 


=  2  sin  ^^0  cos  (di  +  d2) 


1  +  cos  d  1  —  cos  d 

F  =  tan  *  +  tan  -  2  tan  tan  ^2  ‘^“s  AX 

cos  (4  +  d2)  =  Y/X,  1  +  cos  d  =  8kV(X  +  Y),  1  -  cos  d  =  8KV(X  -  Y), 

/  k"  V\  /k"  K’\ 

cos  d  =  4 1 - “ - 1,  4| - +  — )  =  1 . 

\X+Y  X-Y/  \X+Y  X-Y/ 

NOTE:  If  the  second  order  term  is  ignored,  the  resulting  equations  are  the  equivalent  of  the  so  called 

Andoyer-Lambert  approximation  in  terms  of  geodetic  latitude. 

The  quantities  H,  T,  L,  k,  K  enter  into  both  distance  and  azimuth  formulas.  Distances  are  given 

within  a  meter  and  azimuths  within  a  second  over  all  lines  in  all  latitudes  and  azimuths.  Other  advantages 
are  (1)  no  conversion  to  parametric  latitudes,  (2)  no  square  root  calculations,  (3)  for  desk  computers  the 
only  tabular  data  required  is  a  table  of  the  natural  trigonometric  functions  as  Peter’s  eight  place  tables. 

(4)  the  formulas  are  adaptable  to  high  speed  computers.  See  Table  4  page  81  and  Appendix  3,  lines  12 
through  16,  for  desk  computer  sample  computations  based  on  these  formulas  as  checked  against  5  Coast 
and  Geodetic  Survey  specially  computed  lines.  The  mean  difference  for  the  5  lines  between  true  geodetic 
lengths  and  computed  values  was  0.15  meter  with  a  maximum  difference  of  0.24  meter.  The  mean  difference 
between  true  and  computed  azimuths  was  0.59  second  with  a  maximum  difference  of  0.93  second. 


GEODESIC  IN  TERMS  OF  GREAT  ELLIPTIC  ARC,  IN  PARAMETRIC  LATITUDE  WITH  SECOND  ORDER 
TERMS  IN  THE  FLATTENING 

Given  on  the  reference  ellipsoid  the  points  Pt(0t,  X,),  P2(02»  X2);  P2  west  of  Pj ,  west  longitudes 
considered  positive.  (Geodetic  latitudes  are  converted  to  parametric  by  the  relation  tan  0  =  (1  -  f)  tan  ^ 
or  an  equivalent  formula).  With  =  14(02  +  ^^m  =  ¥(62  ~  0i),  AX  =  Xj  -  Xj,  AX^,  =  AX/2; 
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let  k  =  sin  cos  K  =  sin  cos  0^, 

H  =  cos*A0^  -  sin^0jjj  =  cos’0j,j  -  siri^  A0jjj, 

L  =  sin^A0jjj  +  H  siri* AAjjj  =  sirt'd/2,  1-L  =  cosM/2, 

cos  d  =  1  -  2L,  h  =  sin^d  =  4L(1  -  L),  U  =  2kV(l  -  D? 

V  =  2KVL,  X=U  +  V,Y  =  U-V, 

T  =  d/sin  d  =  1  +  (l/6)h  +  (3/40)h'  +  (5/112)h"  +  {35/1152)h^  +  (63/2816)h®  + 
Eo  -  -  2  cos  d,  Do  “  4T^  Ao  -  -DoEo,  Bo  -  -2Do,  Co  -  T  -  ^(Ao  +  Eo), 

S  -  a  sin  d  [T  -  (f/4)  (TX  -Y)  +  (fV64)  (AoX  +  BoY  +  CoX’  +  DoXY  +  EoY")] 
sin  (a2+  Cl)  =  (K  sin  AA)/L,  sin  (oj  -  Oi)  =  (k  sin  AX)/(1  -  L) 

ViiSai  +  Sci)  =  -  (f/2)  TH  sin  (ai  + 

Yzida^  -  5a,)  =  -  (f/2)  TH  sin  (oj  -  a,) 
a,_2  =  a,  +  Sa,  ,  02-1  =  02+  3^2 
Additional  check  formulae 


(sin  di  +  sin 

V  ^ 

(sin  0,  -  sin  0j)^ 

1  +  cos  d 

1  -  cos  d 

(sin  6,  +  sin  0,)^ 

(sin  0,  -  sin  6^^ 

Y  = 

—  - -  ■■■ -  - - 

1  +  cos  d 

1  -  cos  d 

F  =  tan’0,  +  tan  - 

-  2  tan  0,  tan  0,  cos 

=  2  sin^0o  =  2F/(F  +  sin^AA) 
=  2  sin^^ocos  (d,  +  d2) 


cos  (d,  +  d^  =  Y/X,  1  +  cos  d  =  8kV(X  +  Y),  1  -  cos  d  =  8KV(X  -  Y), 

/  k=  V\  /  k'  \ 


cos  d  =  4 


X+Y  X-Y 


/k^ 

4  - +  - 

\X+Y  X-Y 


NOTE:  If  the  second  order  term  is  ignored,  the  resulting  equations  are  the  equivalent  of  the  so-called 
Andoyer-Lambert  approximation  in  terms  of  parametric  latitude. 


TRANSFORMATIONS:  GEODETIC  TO  PARAMETRIC  —  PARAMETRIC  TO  GEODETIC 

If  primed  quantities  denote  those  in  geodetic  latitude,  then  the  transformation  equations  are: 

d '  =  d  -  (f/2)  Y  sin  d  +  (fVl6)  [4Y(X-3)  sin  d  +  (2Y"  -  X")  sin  2d], 
sin  d  '=  sin  d  -  (f/4)  Y  sin  2d 
X'=X[1  +f  (2-X)] 

Y  '  =  Y[1  +  f  (2  -  X)]  +  (f/2)  (X^  -  Y=)  cos  d 

d  =  d '+  (f/2)  Y  'sin  d '+  (f  yi6)  [4Y'  (X -1)  sin  d '+  (2Y  X")  sin  2d1 

sin  d  =  sin  d'+  (f/4)  Y'sin  2d' 

X  =  X'[l-f(2-X')] 

Y  =  Y'[l  -  f(2  -  X')]  -  (f/2)  (X'*-  Y'^)  cos  d' 
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DIFFERENCE  FORMULAS  TO  SECOND  ORDER  IN  THE  FLATTENING 


d'-  d  =  -  (f/2)  Y  sin  d  +  (f  yi6)  [4Y  (X  -  3)  sin  d  +  (2Y"  -  X* )  sin  2d], 

=  -  (f/2)  Y'sin  d'-  {P/16)  [4Y'(X'- 1)  sin  d'+  (2Y'^-  X'^)  sin  2d1  ; 

X'-  X  =  fX  (2  -  X)  {1  +  {f/2)  (3-2  X)}, 

=  fX'(2-X'){l-(f/2)(l-2X0h 


Y'-  Y  =  fY(2  -  X)  +  (f/2)  (X Y^ )  cos  d 


+  (P/8 


4Y  (2  -  X)  (3  -  2X) 

+  (X^-  Y^)  { (11  - 5X)  cos  d  +  Y  (1  -  3  cost'd) j 


=  fYT2  -  X')  +  (f/2)  (X'"-  Y'^)  cos  d' 

-(fV8)r 4Y'(2-X0  (1-2X0 

+  (X'"-Y'0  12(5-3X0  cos  d'+Y'(l  -3  cosM0}_ 

CHORD  DISTANCE,  c 

c  =  a  j^{  1  -  cos  (di  +  dj  )  !  { 2  -  [  1  -  cos  (d,  -  dj  )]  ^ 

Where  in  terms  of  geodetic  latitude  <fi, 

di  =  arc  cos  (N,  sin  /No  sin  <f)o),  d^  =  arc  cos  (Nj  sin  (f>2  /No  sin  (f>a) 
k’  =  [e*(l  -  e^)/a’  ]  No*sin*0o 
in  terms  of  parametric  latitude  6 

d  ,  =  arc  cos  (sin  /sin  6^),  dj  =  arc  cos  (sin  62  /sin  do),  k*  =  e“  sin*0o 


ANGLE  OF  DIP  OF  THE  CHORD,  )3 

(1  -  eO  [1  -  cos  (di  +  d2)] 


1/2 


sin  /3  = 


[2  -  kM  1  -  cos  (d.  -  dj ) !]  (1  -  +  k’  cos^  d.)J 

with  k,  di,  dj  expressible  in  terms  of  either  geodetic  or  parametric  latitude  as  given  above. 


MAXIMUM  SEPARATION  OF  CHORD  AND  ELLIPTIC  ARC,  Ho 
Ho  sin  /^(dj  +  di )  [1  -  cos  J4(di  +  d, )] , 

where  c  is  the  chord  length  as  given  above,  bo  =  a  1  -  k* ;  c,  k,  dj,  dj  expressible  in  either 
parametric  or  geodetic  latitude  as  given  above. 

GEOGRAPHIC  COORDINATES  OF  POINT  OF  MAXIMUM  SEPARATION 

tan  (f>  =  R/D,  or  cos  2<f>  =  (D^  -  R^)/(D*  +  R* ),  tan  A  =  (cos  0j  sin  AA)/(cos  0,  +  cos  02  cos  AX), 
R  =  sin  0,  +  sin  0, ,  D  =  (0.996609925)  (4  cos*/^d-R*)^  d  is  spherical  distance  between  the 
points  P, (02 ,  X,),  P2  (02 ,  Xj)  on  the  ellipsoid,  0  is  parametric  latitude,  AX  =  Xj  - X, .  See  Figure  23 
for  sample  computation. 
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DEVELOPMENT 


SECTION  1.  LATITUDE  FORMULAE 

The  auxiliary  sphere,  associated  with  an  ellipsoid  of  reference,  is  the  sphere -tangent  to  the 
spheroid  along  the  equator.  If  it  is  desired  to  work  on  this  sphere  with  formulae  for  conversion 
to  the  spheroidal  surface,  then  a  correspondence  between  geocentric  latitude  6  on  the  sphere  and 
geodetic  latitude  ^  on  the  ellipsoid  is  needed.  Longitudes  will  be  the  same. 

Now  there  are  three  latitudes  in  geodetic  usage  associated  with  the  auxiliary-sphere  ellipsoid 
configuration  as  shown  in  Figure  1.  The  6  as  shown,  and  which  we  shall  call  geocentric  latitude, 
is  called  the  reduced  or  parametric  latitude  since  it  is  the  eccentric  angle  of  the  meridian  ellipse. 

The  angle  ij/  ,  as  shown,  is  called  in  geodetic  nomenclature,  the  geocentric  latitude  since  it  is 
the  angle  measured  from  the  center  of  the  ellipsoid  to  the  point  R  on  the  meridian  from  the  equator. 

The  angle  as  shown,  is  a  geodetic  latitude  corresponding  to  0.  The  three  latitudes  t}/,  6,  c^o, 
are  related  through  the  equations 

Ian  il>  =  y/1  —  tan  0  =  (l  -  e^)  tan  (1) 

or  tan  ^  /  tan  0  =  tan  0  /  tan  =  Vl  ~  . 

where  e  is  the  eccentricity  of  the  meridian  ellipse  [l].* 

However,  for  working  directly  on  the  auxiliary  sphere  and  transferring  diioctly  to  the  ellipsoid, 
if  6  is  the  geocentric  latitude  of  the  point  P  (a  cos  $,  a  sin  d)  on  the  auxiliary  sphere,  then  the 
latitude  actually  corresponding  on  the  spheroid  is  that  found  by  dropping  a  perpendicular  upon 
the  meridian  ellipse  from  P  meeting  tlie  meridian  in  Q  as  shown  in  Figure  1,  the  normal  making 
the  angle  0  as  shown  with  the  equator.  The  distance  PQ  =  h,  and  are  needed  for  the  conversion 
where  0£h^a-b,  a  and  b  the  semimajor  and  semiminor  axes  of  the  spheroid.  We  now  develop 
the  necessary  conversion  formulas  between  ^  and  d. 

The  law  of  sines  applied  to  triangles  POT,  POK  of  figure  1,  yields 

Ne^sin0  _  h  +  N  _  a  Ne^cos^  _  h  +  N(l— e^)  _  a 
sinA^  cos  d  cos  sinA^  sin  0  sin  ^ 

where  N  =  a/^l-e^sin^(^  ;  e,  a  are  the  eccentricity  and  equatorial  radius 

ellipsoid.  (A0  =  ^  -  6). 

*[l]  Bracketed  numbers  refer  to  the  list  of  references  at  the 


’  (2) 
of  the  reference 

end  of  the  section. 
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Ne^sin^ 


Figure  1.  Latitude  relationships  in  the  auxiliary  sphere-spheroid  configuration. 
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(3) 


From  the  first  and  last  of  either  sets  of  equations  (2)  find 

e^  sin<f>  cos  (j) 


sin  = 


Nsin  2<^  =- 


2a  \/l  — e^sin^^ 

To  find  the  maximum  value  of  A0  and  the  value  of  <f>  at  which  the  maximum  occurs,  one 
e^sin  <!>  cos  <{> 


differentiates  =  arc  sin 

dA^6 


to  obtain 


\J  1— e^sin^^ 

e*  cos^  2tf)  +  2(2  -e^)  cos  2<p  +  e^ 


=  e 


dcf)  (2-  e"  +  e'  cos  2^)  V  2(2-e')  -  e-*  +  2e"  cos  2(f>  +  e*  cos^2^ 

neither  factor  of  the  denominator  of  (4)  is  zero  for  0  <.<^  ^90°  Hence  to  find  the  maximum  from 
(4),  place  the  numerator  equal  to  zero  and  solve  for  cos  2<f>  to  obtain 


(4) 


cos  2^=1 +  2  (VI- e^*-!)  /e^ 


(5) 


The  flattening,  f,  of  the  reference  ellipsoid  is  given  hy  f  =  (a-b)/a  =  1  -  b/a  =  1  -V 
whence  e^  =  2f-F,  we  can  write 


cos  2,^  =  1  -  2(1  -  V  1  -  )/e^  =  1  -  2f/(2f  -  F)  =  -  f/(2-f) 

sin  ^2^  =  1  -  cos^2<^  =  1  -  fV(2  -  f)^  =  4(1  -  f)/(2  -  0" 

.  1  1  1  (  1 

2  2  ^2  2(2-f)  2-f 

1-e^sin =  1  -  f(2  -  0/(2  -  f)  =  1  -  f. 

e"  sin=2<i  F(2-f)"  4(l-f)  1 

from  (3)  sin  ^Aoi  =  —  - =  -  - - 

4  1-e'sinV  4  (2-0*  1-f 

sin^  A^  =  F 

hence  sin  A^j^g^  =  f  =  0.0033900753  (Clarke  1866  ellipsoid), 
cos  2<f)  =  ~  0.001697914 
9i  =  45°02'55:'106  , 

and  ^<f>max  =  39':255, 

0  =  ^-A0  =  44°51'  15'1851. 

Now  from  (3)  and  0  =  cf)  -  A0  a  complete  table  for  corresponding  latitudes  can  be  computed 
readily  since  complete  tables  for  N  to  0.001  meter  have  been  computed  for  most  reference 
ellipsoids.  [2] 

To  develop  sin  A^  is  a  series  for  computation  without  the  necessity  of  tables  of  N,  write 
(3)  in  the  form  sin  A(f>  =  e^  sin  (f>  cos  0  (1  -  e’  sin’^)  then  expand  the  radical  by  the 
binominal  formula  to  get 

6^  3  5 

sin  A<f)  =  e^  sin  ^  cos  ^  (1  +  —  sin^  ^  —  e*  sin^^  +  —  e*sin°(^) 

2  8  16 


(6) 
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(7) 


3  5 

=  —  sin  20  H - sin  ^0  cos  0  +  —  e*  sin  *0  cos  0  +  —  e®  sin^  0  cos  0 . 

2  2  8  16 

now  sin®0  cos  0  =  sin  20  ~ sin  40 

sin  ®0  cos  0  =  ®/^2  sin  20  —  sin  40  +  sin  60 

sin  ^0  cos  0  =  sin  20  —  ’^4  sin  40  +  *^4  sin  60  —  sin  80, 

and  the  values  from  (8)  placed  in  (7)  give 

sin  A0  =  Cl  sin  20  -  Cj  sin  40  +  c  j  sin  60  —  Cg  sin  80 ; 

e^  e^ 

where  Ci“2  ^8^  ^024  ®  >  ®2  ®  /!«■*■  ^4  ®  Aon  ®  > 

*"3  “  ^5  6  ®  ^024  ®  >  ®  4  “  Ao*)  ® 

If  A0  in  radians  is  desired  rather  than  sin  A0,  then  in  the  expansion 

arc  sin  x  =  x(l  +  x^4  + - ) 

let  x  =  sin  A0,  whence  arc  sin  x  =  A0  and 

A0  =  sin  A0  (1  +  + - ). 

6 

from  (9)  with  s"  =  0.006768657997,  find 

c,  “  0.003390074081,  Cj  =  0.000002878029, 

Cj  =  3.665  X  10'*,  Cg  =  5  X  10'‘^  (negligible). 

For  estimation  purposes  the  values  in  (12)  may  be  written 

Cl  =  3  X  10*’,  Cj  =  3  X  10"®,  Cj  =  4  X  10“’ 

c,'  =  9  X  10"®,  Cl'  =  9  X  10'‘',  C3'  »  2  X  10“*' . 

With  the  value  of  sin  A0  from  (9)  in  terms  of  the  estimation  coefficients  (''3)  we  examine 

the  term  (sin®A0)/6  in  (11),  and  find  that  (11)  may  be  written  A0  =  sin  A0  + 

Ci®  c,'c, 

sin  ®  20  -  — ^ —  sin '20  sin  40. 

since  sin®20  =  %  sin  20  -  K  sin  60 

sin'20  sin  40  =  sin  40  -  K  sin  80, 
equation  (14)  may  be  v;ritten,  with  the  value  of  sin  A0  from  (9),  as 

A0 (radians)  =|(ci  +  — )\sin  20  -  (c^  +  —  ^'^sin  40  +  ( sin  60, 


(8) 

(9) 

(10) 

(11) 

(12) 

(13) 

(14) 

(15) 

(16) 


or 

A0  (seconds)  =  (206,264.8062)  A0  (radians), 

where  Ci,  Cj,  Cj,  are  given  by  the  expressions  in  (9)  in  terms  of  the  eccentricity  of  the  meridian 
ellipse. 


15 


(25) 


First  write  G(0)  in  the  form 

G(0)  =  (eos^0)  [sin  0(1  -  e^sin^0)'*/^]"  . 

We  wish  to  retain  terms  to  e*,  but  no  higher.  Hence  we  expand  the  radical  in  (25)  to 

powers  of  e®  since  for  n  =  1,  equation  (25)  will  be  multiplied  by  e^  as  seen  from  (24) .  Using 

the  binomial  formula  for  the  expansion  we  can  write  (25)  as 

G(0)  =  (cos^0)  (sin  0  +  /^ e^  sin’  0  +  (’4)  sin  ’  0  +  (’/(e)  sin’  0)1  (26) 

To  retain  terms  in  e°  we  will  need  the  first  four  terms  of  the  expansion  (24)  and  hence 

three  derivatives  of  (26).  Now  0  =  arc  tan  x,4£  =  _1 _  =  eos’0,  ^  =  -  2  sin  0  cos’0, 

dx  1  +  x’  dx’ 


—  =  2(3  sin’0  -  cos’0)  cos*$. 
dx’ 


dG 

dx 


dG 

le 


cos’0 


(27) 


(28) 


(29) 


Because  of  the  factor  e’  ”  as  a  multiplier  in  (24),  we  can  assume  the  following  terms  for  (26) 
for  n  =  1,  2,  3,  4: 

JL 

1  (cos’0)(sin  0  +  54  e’ sin’  0  +  (3/8)e*  sin’ 0  +  (5/16)e‘  sin’ 0)  (30) 

2  (cos’0)  (sin’  0  +  e’  sin^  0  +  e^  sin’  0) 

3  (cos’0)  (sin’  0  +  (3/2)e’  sin’0) 

4  (cos’0)  (sin’0) 

The  terms  of  (24)  are  now  formed  by  finding  the  derivatives  of  G(0)  with  respect  to  0  using 
the  appropriate  form  of  G(0)  from  (30)  and  finding 
dG  d’G  d’G 

—  , - ,  -  by  means  of  (27),  (28),  and  (29). 

dx  dx’  dx’ 
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I  Thus  it  is  found  that  the  first  four  terms  of  (24)  are 

I  i  sin  6  cos  6  +  J^e'*  sin’  6  cos  0  +  (3/8)e®  sin’  d  cos  6  +  (5/16)e*  sin'  6  cos  6; 

o'*  sin  d  cos  d  +  (2e®—  2e‘')  sin’  0  cos  0  +  (3e*  —  3e*)  sin’  0  cos  0  —  4e’sin’  0  cos  0  ; 

e’  sin  0  cos  0  +  (5e’-”4  e®)  sin’0  cos  0  +  (’’^e®  -  ”4e*)  sin’  0  cos  0  +  ®’4e'  sin’ 0  cos  0; 

'  e®  sin  0  cos  0  -  12e'  sin’  0  cos  0  +  30e*  sin’  0  cos  0  —  20e®  sin’  0  cos  0. 

J  Adding  corresponding  terms  of  these  we  have 

;  A^6  =  ^6  -  0  =  (e’  +  e®  +  e®  +  e®)  sin  0  cos  0  -  [(3/2)e®+(23/6)e® +7e®]sin’0cos0  (31) 

+[(77/24)e®  -t  (55/4)e®]  sin’  0  cos  0  -  (127/16)e®  sin’  0  cos  0. 

I  Now  sin  0  cos  0  =*A  sin  20 

(  sin’  0  cos  0  =  li  sin  20  -  (1/8)  sin  40 

sin’  0  cos  0  =  (5/32)  sin  20  -  (1/8)  sin  40  +  (1/32)  sin  60  (32) 

sin’  0  cos  0  =  (7/64)  sin  20  -  (7/64)  sin  40  +  (3/64)  sin  60  -  (1/128)  sin  80. 

The  values  from  (32)  placed  in  (31)  give  finally 

(j)  =  (f>  —  0  =  sin  20  +  Cj  sin  40  +  Cj  sin  60  +  sin  80 
where  =  )^e’  +  (1/8)  e®  +  (ll/256)e®  +  (31/1024)e*  (33) 

Cj  =  (3/16)e®  +  (5/64)e®  +  (25/l024)e® 

C,  =  (77/768)e®  +  (59/1024)e®,  =  (127/2048)e®. 

Again  for  the  Clarke  1866  spheroid 

e’  =  0.006768657997,  e®  =  0.00004581473108,  (34) 

e®  =  0.0000003101042459,  e®  =  0.000000002098989584,  whence  from  (33) 

C,  -  3.390069228  x  W’,  Cj  =  8.614540216  x  lO*®,  (35) 

C,  =  3.12121  X  10"®,  C,  ■=  1.302  x  10'‘®. 

We  now  check  (33)  directly  from  the  maximum  value  of  A^,  the  assumption  being  that  if  it 
holds  for  the  maximum  it  will  hold  for  all  A0. 

From  (6)  0  =  44°  51'  15"  851,  whence 

sin  20  =  0.99998708,  sin  40  =  0.01016441,  sin  60  =  -  0.99988377,  sin  80  =  -  0.02032777.  (36) 

With  the  values  from  (35)  and  (36)  find 

C.  sin  20  =  0.0033900254283  Cj  sin  60  =  -  0.0000000312085 

Cj  sin  40  =  0.0000000875617  C4  sin  80  =  -  0.0000000000026 

0.0033901129900  -0.0000000312111 

A(?i  (radians)  =  0.0033900817789 

A^i  (seconds)  =  (0.0033900817789)  (206,264.8062)  =  699."2545611, 
or  A<^uigj^=  11*  391'255  which  checks  (6). 
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Note  that  the  term  sin  80  does  not  contribute  to  the  result.  Also,  only  eight  place  tables 
of  trigonometric  natural  functions  were  used,  [4] . 

Hence  for  geodetic  latitude  0  corresponding  to  geocentric  latitude  0  on  the  auxiliary  sphere, 
the  following  formulas  are  sufficient  for  any  spheroid  of  reference  to  0.001  second: 

(seconds)  =  ^  -  0  =  (206,264.8062)  (Cj  sin  20  +  Cj  sin  40  +  C,  sin  60) 

C,  -  Ke"  +  (l/8)e"-"(ll/256)e‘+(31/1024)e*,  Cj - (3/16)e"  +  (5/ o4)e«  +  (25/1024)e*,  (37) 

Cj  “(77/768)e* +(59/1024)e*,e  is  eccentricity  of  the  meridian. 

Now  we  have  noted  that  the  geocentric  latitude  0  as  defined  here  is  called  the  parametric  or 
reduced  latitude  in  geodetic  nomenclature  and  has  a  corresponding  geodetic  latitude  as  shown 
in  Figure  1.  From  (l)  we  see  that  they  are  related  by  the  equation  tan  =  (tan  0)/ y/Y  —  (38) 

For  instance  from  (6)  for  0  =  44°  51'  151*851  find  from  (38)  that  =  44°  57'  06."069.  Also  from 
(6),  4>  =  45°  02'  55:’106,  whence  for  0  =  44°  51'  15."851  we  have  A0O  =  ^  =  0°  05'  49.''037.^^^^ 

Using  the  values  from  (34),  equation  (37)  may  be  written  for  the  Clarke  1866  spheroid  as 


A0  (seconds)  =  ^  -  0  =  6991'2520  sin  20  +  ir7769  sin  40  +  0r0064  sin  60.  (40) 

From  C.  &  G.S.  special  publication  No.  67,  [5],  find 

^0  -  0  =  350'12202  sin  20  +  012973  sin  40  i-  010003  sin  60.  (41) 

Subtracting  (41)  from  (40)  one  finds 

A^bo  =  0  -  9!>o  =  34910318  sin  20  +  114796  sin  40  +  010061  sin  60.  (42) 

With  0  =  44°  51'  151851  and  the  values  from  (28),  equation  (42)  gives 
A0O  =  3'  491036  which  is  within  0.001  second  of  (39) . 

From  the  second  and  third  members  of  each  set  of  equations  (2)  find 

h  =  a  sin  0  esc  -  (1  -  e^)  N  =  a  cos  0  sec  ^  -  N.  (43) 


To  develop  h  in  a  power  series  in  free  of  N  and  0,  refer  again  to  Figure  1.  If  the 
tangent  at  Q  meets  OP  in  P',  then  PP'=  a  —  (aVN)  sec  A^,  h  =  PP'cos  A0,  whence 

h/a  =  cos  A<f>  -  a/N  =  cos  A<j)  -  1  -  e’  sin*^  (44) 

With  cos  A(f)  =  y/l-  sin^  A^,  and  the  value  of  sin  A(f>  from  (3),  (44)  may  be  written 

h/a  =  (1  -  e^  sin*  ^)'*/*  {[1  -  e*  sin^  (1  +  e  ^  cos’  <f>)]  1  +  e’  sin’  ^ ! .  (45) 

The  relation  (45)  may  also  be  obtained  directly  from  equation  (2)  by  eliminating  0 
between  the  equations  a  cos  0  =  (h  +  N)  cos  (f)  and  a  sin  0  =  [h  +  N(1  —  e’)]  sin  <f). 


Expanding  the  two  radicals  by  the  binomial  formula,  (45)  may  be  written 
h/a  =  (e’/2  -  e*/2)  sin’^  +  [(5/8)e^  -  /4e*  -  (l/8)e*]  sin  *(f> 

+  [(9/16)e‘  -  (l/4)e*]  sin  V  +  (53/128)e'  sin  ^ 


(46) 
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0  <h:^a-b 


(47) 


Now  sin^  (^  =  /^  (1  -  cos  2<f) 

sin^  (f)  =  3/8  -  %  cos  2<f)  +  (1/8)  cos  40 
sin®  0  =  5/16  -  (15/32)  cos  20  +  (3/16)  cos  40  —  (1/32)  cos  60 
sin*  0  =  35/128  -  (7/16)  cos  20  +  (7/32)  cos  40  -  (1/16)  cos  60  +  (1/128)  cos  80 
and  these  values  placed  in  (46)  give 

h  =  a  (d,  —  dj  cos  20  +  dj  cos  40  -  d4  cos  60  +  dj  cos  80) 
d,  =  eV4  -  eV64  -(3/256)e®  -  (233/16, 384)e*, 
d,  =  e  V4  +  eVl6  +  7e®/512  +  3e*/2048 , 
dj  =  5eV64  +  lle®/256  +  115e*/4096 
d^  =  9e®/512  +  37e*/2048,  dj  =  53e*/16,384 
a,  e  are  the  semimajor  axis,  eccentricity  of  the  reference  ellipsoid. 

We  now  check  (47)  using  the  values  of  a  and  e  for  the  Clarke  1866  spheroid.  From  (34) 
and  (47)  with  a  =  6,378,206.4  meters  one  has  h(meters)  =  10,788.3852  —10,811.2646  cos  20 
+  22.9147  cos  40  -  0.0350  cos  60.  (48) 

As  a  check,  equation  (48)  should  give 
h  =  a  -  b  =  6,378,206.4  -  6,356,583.8  =  21,622.6  meters 
when  0  =  90°.  Placing  0  =  90°  in  (48)  gives 

h  =  10,788.3852  +  10,811.2646  +  22.9147  +  0.0350  =  21,622.5995  meters. 

Since  we  have  the  values  of  6  and  0  for  A0jj^gjj  from  (6)  we  now  check  the  value  given  by 
(48)  against  the  closed  formula  (43), 

cos  9 


h  = 


■-N(0). 


cos  0 

0  =  45°  02'  55 '1106,  cos  0  =  0.70650624,  cos  20  =  -  0.00169788 
cos  40  =  -  0.99999423,  cos  60  =  +  0,00509360. 

9  =  44°  51'  15':851,  cos  9  =  0.70890136,  N(0)  =  6,389,045.266. 
cos  9 


h  = 


cos  0 


-  N(0)  =  (6,378,206.4)  (0.70890136)  /  (0.70650624)  -  6,389,045.266 


=  6,399,829.094  -  6,389,045.266  =  10,783.828  meters 
Equation  (48)  gives 

h  =  10,788.3852  +  18.3562  -  22.9146  -  0.0002  =  10,783.827  meters, 
when  0  =  0,  h  =  0  and  (48)  gives 

h  =  10,788.3852  -  10,811.2646  +  22.9147  -  0.0350  =  +  0.0003  meter. 

Unless  h  were  required  to  very  high  precision  it  is  clear  from  the  above  checks  that  the 
formula  (48)  is  adequate. 
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SUMMARY  OF  LATITUDE  FORMULAE 

II  6  is  the  geocentric  latitude  of  a  point  P  (a  cos  6,  a  sin  6)  on  the  auxiliary  sphere,  then 
the  corresponding  geodetic  latitude  ^  of  P  at  an  altitude  h  above  the  ellipsoid  reference,  as 
shown  in  figure  1,  is  given  by 

sin  A0  =  sin  {<f)-  d)  =  (e*/2a)  N  sin  2<f)  =  (e*sin  (f>  cos  4>)/-\/ 1  -  e^sin^^ 

=  Cj  sin  2(f)  -  Cj  sin  4<f)  +  sin  6(f)  -  sin  8^,  (49) 

c,=  eV2  +  eV8  +  15eV256  +  35eVl024, 

Cj  =  eVl6  +  3eV64  +  35eVl024 
Cj  =  3eV256  +  15eVl024,  c,  =  5eV2048 
e  "  eccentricity  of  the  meridian  ellipse. 

With  the  same  coefficients  as  (49),  we  have 

Cl*  X  .  . 

A(f)  (radians)  =  (c,  +  c,’  /8)  sin  2(f)  -  (cj  + - Cj)  sin  4  +(c3  - - )  sin  6(f)  (50) 

4  24 

and  in  seconds 

(51) 

A^(seconds)  =  (206,264.8062)  [  (cj  +  Ci*/8)  sin  2^  -  (c^  +Ci^  C2/4)  sin  4(f)  +  (c,  -  Cjy24)  sin  6^] . 
To  express  A(f)  in  terms  of  d,  instead  of  (f),  we  have  the  relation 
tan  0  =  tan  0  +  (eVa  cos  6)  N  sin  (f) 

Which  may  be  expanded  by  use  of  the  Lagrange  expansion  formula  to  give 
A<^  =  ^  -  0  =  C,  sin  20  +  Cj  sin  40  +  C3  sin  60  +  sin  80 

C,  -  eV2  +  e78  +  lleV256  +  31eVl024,  (52) 

Cj  =  3eVl6  +  5eV64  +  25eVl024, 

C3  ■=  77eV768  +  59e7l024,  C,  -  127e72048. 

For  checks  within  0.001  second,  (52)  may  be  written  A^  (seconds)  =  (206,264.8062) 

(C ,  sin  20  +  Cj  sin  40  +  C,  sin  60)  (53) 

with  Cl,  Cj,  C3  the  same  as  in  (52). 

h/a  =  cos  A(f)  -  a/N  ”  (1  -  e^  sin  ^<^)”‘^^{[l  —  e*  sin^  ^  (1  +  e^  cos*  ^)]^*-  1  +  e*  sin*  (f) } 
h  =  a(di  -dj  cos  2(f)  +  d,  cos  4(f)  —  d^  cos  6^  +  dj  cos  8(f>)  (54) 

d,  -  e*/4  -  e764  -  3e7256  -  233e7l6,384 

dj  -  e*/4  +  e7l6  +  7e7512  +  3e72048  0<h<a-b 

d,  -  5e764  +  lle7256  +  115e74096 

d,  “  9e7512  +  37e72048,  d,  -  53e7l6,384 

a  =  radius  of  the  auxiliary  sphere  (semimajor  axis  of  the  reference  ellipsoid). 
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For  the  Clarke  1866  spheroid  of  reference  we  have  from  the  above  formulas: 

(seconds)  =  ^-9=  699'12540  sin  2(f>  -  0'I5936  sin  4^  +  0'!0004  sin  6^,  (55) 

(seconds)  =  ^-6  =  699'!2520  sin  29  +  l':7769  sin  40  +  0':0064  sin  60,  (56) 

A^o  (seconds)  =  ^  -  ^o  =  349'10318  sin  20  +  l':4796  sin  40  +  0'10061  sin  60,  (57) 

h  (meters)  =  10,788.3852  -  10,811.2646  cos  2<j)  +  22.9147  cos  40  -  0.0350  cos  60.  (58) 


For  the  Clarke  1866  spheroid,  the  maximum  value  of  A0  was  found  to  be  11'  39'1255  at 


0  =  45°  02'  55':i06. 

The  value  of  A0o,  at  this  maximum  of  A0 ,  was  found  to  be  .5 ' 491037.  Finally  (58)  was 
checked  at  0  =  0,  90°  and  0  =  45°  02 ' 551106.  At  0  =  90°,  the  check  was  within  0.0005  meter; 
at  0  =  0,  it  was  within  0.0003  meter;  at  0  =  45°  02'  551106,  it  was  within  0.001  meter. 

The  following  latitude  formulae  are  from  C  &  G.S.  Special  Publication  No.  67,  [5], 


Where  0o,  0,  0  are  shown  in  figure  1. 

0,  -  0  =  70014385  sin  20o  -  111893  sin  40o  +  010027  sin  60o  (59) 

00  -  0  =  70014385  sin  20  +  111893  sin  40  +  010027  sin  60  (60) 

00  -  0  =  3502202  sin  20o  -  012973  sin  40o  +  010003  sin  60o  (61) 

00  -  0  =  35012202  sin  20  +  012973  sin  40  +  010003  sin  60  (62) 

0  -  0  =  35012202  sin  20  -  012973  sin  40  +  010003  sin  60  (63) 

0  -  0  =  35012202  sin  20  +  012973  sin  40  +  010003  sin  60  (64) 

The  above  are  the  series  expansions  for  the  expressions  given  as  equation  (1)  page  12, 
that  is 

tan  0  =  \Jl-  tan  0  =  (l  -  e’'  tan  </)„.  (65) 
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DEVELOPMENT 


SECTION  2.  SPHERICAL  RECTANGULAR  COORDINATE  SYSTEM;  LOCI 

THE  GREAT  CIRCLE  TRACK  AS  DETERMINED  BY  THE  GEOGRAPHICAL  COORDINATES  OF 
TWO  GIVEN  POINTS  ON  THE  AUXILIARY  SPHERE 

In  figure  2,  the  two  given  points  are  Q,(0i,  A,),  02(62,  Aj).  The  great  circle  track  is  then 
determined  from  the  spherical  triangle  PQiQj.  In  order  to  simplify  the  computations  and  to  have 
well  balanced  triangles  from  which  to  compute,  one  finds  the  point  O(0(„Ao)  where  the  great  circle 
QjQj  is  orthogonal  to  a  meridian  Ao-  One  then  works  from  the  right  spherical  triangle  POQ'by 
adding  or  subtracting  increments  of  distance  from  S,  =  OQi  to  get  the  distance  S.  One  always  has 
then  a  strong  right  triangle  POQ'from  which  to  compute  the  latitude,  longitude  and  azimuth  a 
of  the  point  Q'(0^AO  on  the  base  line  QiQj. 

DERIVATION  OF  FORMULAE 
From  right  spherical  triangle  POQ' 

cos  (A  0-  A')  =  tan(—  -On  ):ot(—  -  0  As  cot  8(,  tan  6'  (1) 

2  2 

If  the  points  Q,  and  Qj  satisfy  (1),  we  have  by  substituting  their  coordinates  in  (1) 

cos  (Ao-  A,)  =  cot  do  tan  61 ,  (2) 

cos  (Xo  —  Aj)  =  cot  Oq  tan  O2 

By  forming  the  ratios  of  (2),  expanding  cos  (A®—  Aj)  and  cos  (Aj-  Aj), dividing  the  left 
member  numerator  and  denominator  by  cos  Aq  one  derives  the  formula 


tan  02  cos  A,  -  tan  61  cos  A  2 

tan  Ao  = - - : - 

tan  01  sin  A2  -  tan  02  sin  A , 

(3) 

Equations  (2)  may  be  written  as 

cot  00  =  cot  01  cos  (Ao  -  Ai)  =  cot  02  cos  (Ao-  A2) 

(4) 

From  right  spherical  triangle  POQ'’one  has  also 

sin(  —  -  60  )  cos  00 

sina'=  2 

sin(  —  -  0^)  cos  0' 

2 

(5) 

<  tan  S  „ 

cos  a  = -  =  tan  b  tan  0  , 

tan(|  -  O') 

(6) 
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(7) 


sin  0'=  cos  S  sin  0^ » 


tan  ( Ao  -  A.0  = 


tan  S 


tan  S 


sin(  JL.  -  do)  cos  00 

2 


tan 


(^-0o) 


tan  a  = 


cot  0n 


sin  S  S 

sin  0'=  cot  (Ao  —  A')  cot  a' or 
tan  a 'sin  0'tan  ( Ao  -  A')  =  1 
From  the  oblique  spherical  triangle  PQiQj  find 

cos  (Aj  -  Ai)  =  -  cos  (ff  -  flj)  cos  ai+  sin  (w  —  Oj)  sin  a,cos  (S,  -  Sj)  or 
cos  (Aj  -  Aj)  =  cos  cos  Qj  +  sin  Aj  sin  aj  cos  (S,—  Sj). 


(8) 


(9) 


(10) 


(10.1) 


Computations  from  the  formulae 

First  compute  Aj  and  0o  from  (3)  and  (4). 

tan  02  cos  A,  -  tan  0i  cos  Aj 

tan  A  0  =  - - - — ■ 

tan  01  sin  Aj-  tan  02  sin  Aj 

cot  00  =  cot  01  cos  ( Ao  -  Ai)  =  cot  02  cos  ( Ao-  A2) 

Next  compute  a,  and  02  from  (5), 

cos  00  cos  00 

sin  Cl  - -  ,  sin  - - 

cos  01  cos  02 

Then  $1  and  S2  from  (6) 

tan  Si  =  cos  Oi  cot  0i ,  tan  Sj  =  cos  a 2 cot  02 

The  computations  for  Gi,  02;  Si  and  S2  are  checked  by  (10.1) 

cos  (Aj  -  Ai)  =  cos  Gi  cos  G2  +  sin  Gi  sin  G2  cos  (Si  —  S2). 

Now  for  equally  spaced  intervals  along  the  great  circle  track,  for  instance  in  100  nautical 
mile  intervals,  let  S  =  Sj  +  100k. 
k  =  l,  2,  3, . N. 

With  these  values  of  S  one  computes  successively  corresponding  values  of  0',  A'  and  a' 
from  equations  (7),  (8),  and  (9) 

tan  S  ^  cot  00 

sin  0'=  sin  do  cos  S,  tan  (Ag  -  A')  =  -  ,  tan  a'=  - 

cos  00  sin  S 

These  last  computations  are  checked  by  (10) 
sin  0'  •  tan  (Ag  -  A')  •  tan  g'=  1. 
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PARALLELS  AT  A  GIVEN  DISTANCE  FROM  A  GREAT  CIRCLE  TRACK 


In  Figure  3,  the  basic  great  circle  track  determined  by  Qi  (0i,  Aj),  Qj  (02,  A^)  is  the  same 
and  the  point  O(0o>  ^o)  is  the  same  —  (vertex  of  the  great  circle  track).  The  point  P'is  the  pole 
of  the  great  circle  determined  by  Q,,  Qj.  The  angle  at  P'of  the  spherical  triangle  P'PQ^is  the 
distance  S  =  OQ^along  the  great  circle  track.  If  p  and  p'are  points  on  the  parallels  at  a  distance 
s  from  the  great  circle  track,  then  the  coordinates  of  p  and  p'^  can  be  computed  from  the  two 
spherical  triangles  PP  p,  PP  p',  (Figure  4). 


From  these  triangles  one  has 

sin  0p  =  cos  00  sin  s  +  sin  0o  cos  s  cos  S 

sin  0p''=  —  cos  00  sin  s  +  sin  0ocos  s  cos  S  (11) 

cos  s  cos  0p  cos  s  cos  0p ' 

-  =  - i-  ,  - ;  =  - -  (12) 

sin(Ao-Ap)  sin  S  sin(Ao-Ap')  sin  S 
From  (11)  and  (12)  one  may  write 
sin  0|^  =  A  cos  S  ±  B 

sin  (Ao  -  A  1^)  =  C  sin  S/  cos  0|^  (13) 

where  A  =  sin  0o  cos  s,  B  =  cos  0o  sin  s,  C  =  cos  s. 

A,  B,  C  are  constants  for  a  given  s.  When  k  =  p,  the  +  sign  is  used  in  the  first  of 
equations  (13).  When  k  =  p',  the  -  sign  is  used. 

The  computations  may  be  checked  as  before  by  means  of  the  equation 
cos  2s  =  sin  0p  sin  0p'+  cos  0p  cos  0p'cos  (Ap*”—  Ap). 
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A  SPHERICAL  RECTANGULAR 
COORDINATE  SYSTEM  WITH  A  GREAT 
CIRCLE  BASE  LINE  AS  AN  AXIS 

Figure  5  is  a  further  elaboration  of  Figures  2  and  3.  M  is  the  midpoint  of  the  spherical 
segment  QiQj .  The  section  MP'P"is  perpendicular  to  the  base  line  at  M.  The  general  point 
Q  (0,  \)  has  for  the  foot  of  the  perpendicular  from  Q  upon  the  base  line,  the  point  Q''(0'’,A'')  as 
shown  in  figure  2.  The  great  circle  arc  QQ' passes  through  P,'and  QQ'is  taken  for  spherical 
rectangular  coordinate  y.  The  great  circle  perpendicular  to  the  section  MP'P'^and  passing 
through  Q  meets  MP'P"  in  T.  The  distance  OQ^’is  S  as  shown  in  Figure  5,  Note  that  the  s  of 
Figure  3  in  the  y  of  Figure  5.  The  great  circle  arc  QT  is  taken  for  x.  That  is  the  spherical 
rectangular  system  chosen  is  x  =  QT,  y  =  QQ'.  Spherical  polar  coordinates  are  then  r  and  a  as 
shown  in  Figure  5,  where  r  =  MQ,  and  a  is  the  angle  between  r  and  MQ'. 

From  the  right  spherical  triangles  MQT,  MQQ'one  finds 

sin  X  =  sin  r  cos  a 

sin  y  =  sin  r  sin  a  (14) 

whence 

sin  r  =  (sin^x  +  sinM 

(15) 

tan  a  =  sin  y/sin  x, 

that  is  (14)  and  (15)  represent  the  conversion  formulas  between  the  spherical  rectangular  and 
spherical  polar  systems  as  given. 

We  now  develop  the  coordinates  x  and  y  as  functions  of  S  and  of  0  and  A .  Also  0  and  A 
as  functions  of  x  and  y. 

COMPUTATION  OF  S,  x,  y,  FROM  0  AND  A 

Assume  that  the  base  line  has  been  established,  that  is  the  coordinates  0o  ,  Aq  of  the 
vertex,  0,  of  the  great  circle  base  line  have  been  computed  from  the  coordinates  of  the  two  given 
points  Qi(0,,  A,),  Q2(02,  A2)  by  means  of  the  equations  as  given  on  page  23.  Then  referring  to 
Figure  5,  find  in  spherical  triangles: 


PPt3: 

cos  y  sin  S  =  cos  0  sin  ( A,  -  A), 

(16) 

: 

sin  y  =  cos  Oq  sin  0  -  sin  cos  0  cos  (A,  -  A), 

(17) 

OPQ: 

cos  f  =  sin  00  sin  0  +  cos  0o  cos  0  cos  ( Aj-  A), 

(18) 

OQQ': 

cos  y  cos  S  =  cos  f. 

(19) 

TP  13: 

sin  X  =  sin  d  cos  y. 

(20) 
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DERIVATION  OF  THE  EQUATIONS  TO  SPHERICAL  HYPERBOLAS 

Having  established  a  rectangular  spherical  coordinate  system  on  a  great  circle  base  line, 
we  are  now  in  a  position  to  develop  the  equations  of  spherical  hyperbolas  referred  to  our 
rectangular  system.  Referring  again  to  Figure  5,  we  restrict  the  point  Q(0,  A)  or  Q(x,y)  to  the 
locus  defined  by  demanding  that  the  distances  CT,and  from  the  points  Qj  and  respectively 
satisfy  the  condition 
a,  -  <7,  =  2c/e  =  2a 

(27) 

2c  =  Sj  -  Sj , 

where  as  before  S,,  Sj  are  the  distances  of  Qj,  Qj  respectively  from  O(6o,  Aq);  e  is  a  number 
such  that  e  >  1. 

From  the  spherical  triangles  MQQi,  MQQj  one  has 
cos  CTa  =  cos  r  cos  c  +  sin  r  sin  c  cos  a 

cos  a,  =  cos  r  cos  c  -  sin  r  sin  c  cos  a  (28) 

Adding  and  substracting  respective  members  of  (28)  obtain 
cos  (T,+  cos  02  =  2  cos  r  cos  c 

cos  <7i  -  cos  Oj  =  —  2  sin  r  sin  c  cos  a  (29) 

By  well  known  trigonometric  identities  and  condition  (27),  equations  (29)  may  be 
written 

cos  o,+  cos  <7j  =  2  cos  )^(aj+  <Tj)  cos  K(<7x-  (Tj)  =  2  cos  ^^(crj+aj)  cos  a  =  2(cos  r)(co8  c), 
cos  Oj-cos  CTj=  2  sin  K((7i  +  <Tj)  sin  H(<^  =  2  sin  ^(aj+aj)  sin  a  =  -2(sin  r)(sin  c)  cos  a, 

or  cos  Hia.  +  -  cos  r  cos  c/cos  a, 

(30) 

sin  ¥2  (<7j  +  Oj)  =  sin  r  sin  c  cos  a/sin  a. 

Squaring  and  adding  respective  members  of  (30),  get 

(cosV)  (cos’c/cos’a)  +  (sin^r  cos^a)  (sin’c/sin^a)  1.  (31) 

Now  in  (31)  place  cos’r  -  1/(1  +  tan’r), 

sin’r  “  tan*r/(l  +  tanM,  whence  (31)  may  be  written 

tan^a  (cos^a  -  cos^c)  tan’a  (sin^c  -  sin’a) 

tan’r  -  -  -  -  (32) 

sin’c  cos^a-sin’a  sin’c  cos*a“sin’a 

Now  (32)  is  the  polar  form  of  the  equation  to  the  spherical  hyperbola. 

From  conversion  formulas  (15)  we  have 
tan’r  ■  (sin*x  +  sin’y)/(l  -  sin^x  -  sin’y), 

cos^a  "  sin’x/(sin^x  +  sin’y)  (33) 
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and  substitutions  for  tan^r,  cos^a  from  (33)  in  (32)  give  the  rectangular  equation  to  the 
spherical  hyperbola 

sin’a  cos’c 

sin  X  - 1 -  •  sin’y  +  sinV  (34) 

sin^c  “sin^a 

THE  POLAR  EQUATION  OF  SPHERICAL  HYPERBOLAS  WITH  ORIGIN  AT  A  FOCUS 
If  we  choose  the  given  point  Q,  {di,  XJ  of  the  great  circle  base  line  as  origin  of  co¬ 
ordinates  and  a  focus,  then  the  following  figure  may  be  abstracted  from  Figure  5: 


n 


The  polar  radius  is  now  R  "  a,,  jS  is  the  angle  between  R  and  QiQ'.  k  =  QtQ^"  S  -  S,.  From 
spherical  triangle  QjQQi  we  find  cos  o,  =  cos  R  cos  2c  -  sin  R  sin  2  c  cos  jS ,  (35) 

and  from  (27)  a,  -  R  =  2a,  whence 

cos  (oj-  R)  =  cos  oi  cos  R  +  sin  ct,  sin  R  =  cos  2a,  (36) 

sin  (ffi-R)  =  cos  o,  sin  R  +  sin  ct,cos  R  =  sin  2a. 

Multiply  the  first  of  (36)  by  sin  R,  the  second  by  cos  R  and  add  respective  members  to 


solve  for 

sin  CTi  =  cos  2a  sin  R  +  sin  2a  cos  R.  (37) 

Square  and  add  respective  members  of  (35)  and  (37)  to  get 

(cos  R  cos  2c  -  sin  R  sin  2c  cosjS)’  +  (cos  2a  sin  R  +  sin  2a  cos  R)’  =  1.  (38) 

Multiply  every  term  of  (38)  by  sec^R,  whence  it  may  be  written 

(cos  2c  -  tan  R  sin  2c  cos  +  (cos  2a  tan  R  +  sin  2a)*  “  sec*R  “  1  +  tan*R.  (39) 

Expanding  (39)  and  writing  as  a  quadratic  in  tan  R  find 
tan*R  (sin*2c  cos*j8  -  sin*  2a)  +  2tan  R  (sin  2a  cos  2a  -  sin  2c  cos  2c  cosjS)  (40) 

+  cos* 2c -cos*  2a  “  0. 
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Now  equation  (40)  factors  into  [tan  R  (sin  2c  cos  +  sin  2a)  -  (cos  2c  +  cos  2a)]. 

[tan  R  (sin  2c  cos  /8  -  sin  2a)  -  (cos  2c  —  cos  2a)]  =  0.  (41) 

Whence 


cos  2c  +  cos  2a 

tan  R  =  - - ; -  ,  tan  R  = 

sin  2c  cos  j8  +  sin  2a 


cos  2c  —  cos  2a 
sin  2c  cos  j8  -  sin  2a 


or 


cos  2c  ±  cos  2a 

tan  R  =  - -  , 

sin  2c  cos  /3  ±  sin  2a 

where  either  the  (two  plus  signs)  or  (two  minus)  signs  are  taken  together. 

Equation  (42)  is  the  polar  equation  to  spherical  hyperbolas  referred  to  a  focus  as  pole. 
We  now  derive  expressions  for  the  spherical  rectangular  coordinates  x,  y  as  functions  of  the 
polar  coordinates  R,  /3. 

From  right  triangles  WP'Q,  WQQi,  Q,QQ ^(Figure  6)  find 

sin  X  =  sin  R  cos  /3, 

sin  y  =  sin  R  sin  /S . 

sin  X  =  sin  k  cos  y  ; 

cos  R  =  cos  k  cos  y. 

Equations  (43)  are  similar  to  equations  (14)and  provide  the  conversions  from  polar  to 
rectangular  coordinates,  i.e.  from  (43) 
sin  R  =  (sin’x  +  sin^y) 


(42) 


(43) 

(44) 


(45) 


tan  /3  =  sin  y/sin  x  . 

Since  moving  the  origin  from  M  to  Qj  (see  Figure  5)  is  only  a  translation  along  the  x>axis, 
there  is  no  change  in  y,  but  x  is  changed.  Hence  from  (44)  and  the  relations  (23)  and  (26)  we 
can  write  when  the  origin  is  at  Q,,  k  ”  S  -  S,: 

FORMULAS  FOR  COMPUTATION  OF  S,x,y,  FROM  0  AND  A 
sin  y  =  cos  Oo  sin  6  ~  sin  cos  6  cos  ( Ao  —  A) 

sin  00  cos  0  sin  (Aq- A)  cos  0  sin  (A®  —  A) 

tan  S  =  - - -  =  -  (46) 

sin  0  -  cos  00  sin  y  cos  f 

_ cos  0  sin  (An  -  A) _ 

sin  00 sin  0  +  cos  0o  cos  0  cos  (Ao-  A) 

sin  X  =  sin  k  cos  y  =  sin  (S  -  S,)  cos  y 

FORMULAS  FOR  COMPUTATION  OF  S,  0,  A  FROM  x  AND  y 

Let  C  =  cos  y,  D  =  sin  y,  E  =  sin  x,  A  =  C  sin  0o,  B  =  D  cos  6^,  then 

S  =  arc  sin  (E/C)  +  S, 
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(47) 


6  =  arc  sin  (A  cos  S  +  B) 

X  =  Ao  —  arc  sin  (C  sin  S/cos  6) 

AN  ALTERNATIVE  EQUATION  TO  THE  SPHERICAL  HYPERBOLA  WITH  ORIGIN  AT  A  FOCUS 
If  S  =  )^(ao+  bo  +  Cj)  in  the  spherical  triangle 


then  tan^  /^A 


sin  (s  -  bo)  sin  (s  -  c  q) 


,t6]. 


sin  S  sin  (s  -  ao) 

Referring  to  figure  6,  ao  =  <Ti, bo  “  2c,  Co  “  R:  and  from  (27)  we  have  the  conditions 
(7,  -  R  ■=  2a,  <T,  +  R  “  2(R  +a). 

Hence 

s  °  54(^1  +R)  +  c“R+a  +  c, 
s  -  ao  ”  ‘/^(R  ~<Ti)  +  c  “  c  -  a, 
s-bo“R+a-c,  S-Co“c+a 
A  =  n-  -  /3,  tan  )^A  =  tan  (rr/2  -  /3  /2)  =  cot  /3/2 


(48) 


(49) 


With  the  values  from  (49)  placed  in  (48)  find 

,  sin(c  -  a)  sin  (R  +  c  +  a) 

tan*/3/2  = - ^ -  , 

sin(c  +  a)  sin  (R  -  c  +  a) 

which  is  the  desired  alternative  form,  [7] . 

CORRESPONDING  PLANE  HYPERBOLA  EQUIVALENTS 

For  the  plane  case  and  analogous  reference  system.  Figure  5  becomes 


(50) 
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Given  the  condition  a^-  02  =  2a 
By  the  law  of  cosines  applied  to  triangles  MQQi  MQO2 
02  ”  +  c^  -  2rc  cos  a,  Ot^  “  r*  +  c^  +  2rc  cos  a 

whence  a,*  +  a*'  =  2{r*  +  c') ,  a,'  cr**  =  (r’  +  c*)'  -  4r"  c"  cos'a 
Now  by  squaring  both  sides  of  ffi  “  0^2  ”  2a  obtain 
Oj’  -2oi  O2  O2*  **  4a*  whence 
(a,*  +  02^  -  4  a*)*  °  4<ri*crj* 

With  the  values  of  oi*  + 1^2*  >  ^2*  from  (51)  placed  in  (52)  obtain 

[2(r*  +  c*)  -  4a*]*  “  4  [(r*  +  c*)*  -  4r*c*  cos*  a] . 

Expanding  (53)  find 

r*  c*  cos*  a  “  a*  r*  -  a*  c*  +  o'*  "  0 

or  a*(c*  -  a*) 

r* - r 

c*  cos*  a  “  a* 

To  transform  to  rectangular  equation  we  have  x  =  r  cos  a,  y  =  r  sin  a,  or  r*  “  x  +  y  , 
tan  a  “  JL  ,  cos*  a  “  x*/(x*  +  y*)  and  these  values  of  r*  and  cos*a  placed  in  (54)  give 


as  corresponding  rectangular  equation. 


(51) 


(52) 

(53) 


(54) 


(55) 
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If  the  focus  Qj  is  to  be  the  origin  and  *  R,  the  radius  for  polar  coordinates,  and  j8 
the  angle  which  R  makes  with  the  positive  x-axis,  i.e.  /S  is  the  angle  QQiQ'",  then  our  plane 
figure  is  as  follows: 


By  the  law  of  cosines  in  triangle  QjQQi 

=  4c^  +  R^  +  4cR  cos  /3  (56) 

From  the  condition  Oj  -  R  =  2a,  ffj  =  R  +  2a,  and  this  value  of  cr,  placed  in  (56)  gives 
(R  +  2a)’  =■  4c’  +  R’  +  4cR  cos  /3 ,  which  when  expanded  gives 

aJ  -  o* 

“  (57) 


R 


c  cos  /3-a 

For  the  alternative  form  of  (57),  we  have  the  well  known  formula 


tan’  Vik 


(s  -  bo)  (s  -  Co) 


,  where  2s  “  ao  +  bo  +  Co 


(58) 


s(s-ao) 

Here  ao  “  a,,  bo  “  R,  Co  “  2c,  A  =  77  -  /3, 

Hence:  s“a  +  c+R,  s-ao^c-a,  s-bo“a+c,  s-Co"a-c+R, 

(c  -  a)  (R  +  c  +  a) 

whence  tan’  =  -  ,  (59) 

(c  +  a)  (R  -  c  +  a) 

which  is  an  alternative  form  of  (57). 

Now  (54),  (55),  (57)  and  (59)  could  have  been  obtained  directly  from  (32),  (34), (42)  and 
(50)  by  replacing  correctly  the  trigonometric  functions  of  lengths  by  corresponding  lengths,  i.e. 
tan  a  =  sin  a  =  a,  cos  a  =  1,  etc.  We  place  them  side  by  side  for  direct  comparison  in  the 
following  table  which  will  also  serve  as  a  summary  for  both: 
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SPHERICAL  HYPERBOLA  FORMULAS  AND  PLANE  EQUIVALENTS,  [7] 
SPHERICAL  PLANE 


tan^a  (sin^c  -  sin*a) 

(1)  tan^r  “  - ; - 

sin^c  cos*a  -  sin^a 

sin^a  cos^c 

(2)  sin’x  •=  — ; - ; —  sin^y  +  sin  a 

sin^c-sin^a 

cos2c  ±  cos2a 

(3)  tan  R  =  ^ 

sin^c  cos  P  +  sin  2a 

. ,  sin  (c  -  a)  sin  (R  +  c  +  a) 

(4)  tan^(/3/2)- - ; - 

sin  (c  +  a)  sin  (R  -  c  +  a) 


a^(c^  -  a") 


2  2  2 
c  COS  a- a 


- - +a^ 

c^-a^ 


R 


a*  -  c* 


tan^(/3/2) 


c  cos/3  -  a 

(c“a)  (R  +  c  +  a) 


(c+a)  (R  -  c  +  a) 


(60) 


In  (1)  and  (2)  of  equations  (60),  the  origin  of  coordinates  is  the  midpoint  Mj,  of  the  segment 
QiQj,  see  Figure  5.  (3)  and  (4)  are  two  polar  forms  with  origin  at  a  Focus  Qj,  see  Figures  (5) 
and  (6). 


REFERENCES 

[6]  Chauvenet,  Plane  and  Spherical  Trigonometry,  1871,  page  158. 

[7]  Equations  (32),  (34),  (42),  (50)  to  spherical  hyperbolas  are  essentially  those  given  without 
derivation  in  LORAN,  Pierce,  McKenzie,  Woodward,  McGraw  Hill  1948,  pages  173,  175. 
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DEVELOPMENT:  DISTANCE  FORMULAE; 

SECTION  3.  DISTANCE  COMPUTATIONS  AND  CONVERSIONS;  AZIMUTHS 

If  we  are  given  two  points  Pi(^i,A,),  Aj)  on  the  ellipsoid  of  reference  as  shown  in 

Figure  10,  we  may  compute  distances  and  azimuths  according  to  known  or  given  elements.  That 
is  we  may  compute  the  geographic  coordinates  of  the  point  PjCi^z.Aj)  if  we  know  the  geographic 
coordinates  of  Pj  (^i,Ai)  the  distance  between  Pj  and  and  the  azimuth  from  P,  to  Pj.  This  is 
the  direct  problem  and  the  one  most  important  in  Geodesy  relative  to  establishing  triangulation 
control  nets.  If  the  coordinates  of  both  Pj  and  Pj  are  given,  the  distance  between  them  and  the 
azimuths  can  be  computed.  This  is  the  inverse  problem,  and  the  one  concerned  primarily  in 
electronic  positioning  systems  as  Loran. 

Since  there  are  several  possible  curves  connecting  the  points  P,  and  Pj  on  the  ellipsoid 
along  which  distances  would  differ  very  little,  for  instance  —  the  geodesic,  the  normal  sections, 
the  great  elliptic  arc,  the  curve  of  alinement,  etc.  —  criteria  for  selection  would  be  simplicity  in 
computations  relative  to  required  accuracy.  Also  to  be  considered  are  other  useful  geometric 
quantities  associated  with  the  configuration  and  expressible  in  terms  of  common  computational 
parameters.  (See  Figure  11). 

The  shortest  distance  is  always  the  geodesic  or  the  geodetic  line  between  Pt  and  Pj.  It  is 
usually  a  space  curve  (that  is  it  has  a  first  and  second  curvature  at  each  point).  For  instance  on 
the  reference  ellipsoid,  the  equator  and  the  meridians  are  the  only  plane  geodesics,  [8]. 

Now  in  Figure  10,  the  point  Po(^o>Ao)  is  the  vertex  of  the  great  elliptic  arc,  that  is  P^  is 
the  point  where  the  great  elliptic  arc  is  orthogonal  to  a  meridian.  The  goedesic,  or  geodetic  line, 
between  P,  and  Pj  also  has  a  vertex  where  it  is  orthogonal  to  a  meridian.  Since  the  geodesic  is 
a  space  curve  and  climbs  nearer  to  the  ellipsoid  pole,  T^,  than  any  of  the  other  representative 
curves  (if  P,  and  Pj  were  ends  of  a  diameter  of  the  equator,  the  geodesic  would  be  the  elliptic 
meridian  through  P,  and  Pj  since  it  is  shorter  than  the  equator),  the  vertex  of  the  geodesic  is 
closer  to  To  than  is  Po.  Unfortunately  the  geographic  coordinates  of  the  geodesic  vertex  cannot 
be  expressed  simply  in  terms  of  the  geographic  coordinates  of  P,  and  Pj,  hence  an  approximation 
scheme,  usually  Iterative,  is  used.  [9]  The  computations  are  usually  quite  lengthy  for  long 
lines.  Many  schemes  and  formulae  have  been  devised  to  approximate  the  geodesic  and  studies 
have  been  made  comparing  them.  [21]  The  geodetic  line  is  of  most  interest  to  the  geodesist 
proper,  since  he  is  primarily  concerned  with  closure  on  a  particular  ellipsoid  of  reference  of  large 
arcs  and  areas  of  triangulation,  hence  the  geodesic  or  geodetic  line  and  geodetic  azimuths  on  the 
ellipsoid  are  consonant  with  his  mathematical  model. 
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OPERATIONAL  APPLICATIONS 

Requirements,  accuracy  wise,  with  respect  to  geodetic  data  obviously  depend  on  the  particular 
guidance  system  employing  it.  If  some  guidance,  particularly  external,  is  to  be  provided  a  missile, 
its  initial  launch  requirements  are  not  as  critical  as  say  for  a  purely  ballistic  missile.  Since  it 
has  yet  to  be  demonstrated  that  the  flight  of  missiles  are  geodesic  or  that  the  traces  of  the 
trajectories  upon  the  ellipsoid  of  reference  are  geodesics,  distances  can  be  computed  by  any 
method  which  will  give  results  within  the  capability  of  the  particular  system.  Since  alinement  is 
usually  with  respect  to  a  local  vertical  and  a  “bearing”,  the  normal  section  azimuth,  the  angle  of 
depression  of  the  chord  below  the  horizon  and  the  maximum  separation  between  the  chord  and  the 
surface  are  all  useful  associated  quantities  which  can  be  “integrated”  in  the  computations  for 
distance  as  will  subsequently  be  shown  in  the  discussion  of  distance  computations  along  the 
great  elliptic  arc.  This  configuration  is  shown  in  Figure  11  as  abstracted  from  Figure  10. 

HYPERBOLIC  MEASURING  SYSTEMS 

For  Loran  systems,  the  earth  must  be  considered  an  oblate  ellipsoid  or  spheroid,  but  the 
nearest  hundred  feet  is  probably  close  enough  particularly  on  long  lines.  [7] ,  page  170. 

Hence  a  computational  system  is  desirable  which  provides  modifications  to  spherical  elements, 
i.e.  functions  of  spherical  arc  lengths  so  that  the  auxiliary  sphere  of  the  particular  spheroid  of 
reference  can  be  used  since  the  hyperbolic  propagation  of  systems  as  Loran  may  be  worldwide 
as  base  lines  are  added  or  extended.  Also  to  be  considered  is  the  use  of  such  computational 
systems  in  local  areas  as  for  oceanographic  surveying  and  corresponding  adaptation  to  a  local 
sphere  of  reference.  Azimuth  computations  should  be  independent,  except  for  dependence  on 
spherical  arc  length,  so  that  one  can  have  readily  the  Normal  plane  section  azimuths  as  well  as 
geodetic  azimuths.  Finally  the  system  should  be  easily  adapted  to  local  area  work  in  terms  of 
plane  coordinates.  This  can  probably  best  be  accomplished  through  the  series  of  projections, 
all  conformal;  spheroid  to  aposphere,  aposphere  to  sphere,  sphere  to  plane.  [8]. 

The  present  investigation  will  center  about  the  configuration  depicted  in  Figure  12  which 
shows  the  relationships,  exaggerated;  between  the  Normal  sections.  The  Great  Elliptic  Section, 
The  Geodesic,  and  the  Chord  between  two  points  Q„  Qj  on  the  ellipsoid.  We  begin  by  deriving 
the  formulae  for  the  Normal  Section  Azimuths  and  the  Great  Elliptic  Arc  Azimuths. 

NORMAL  SECTION  AZIMUTHS 

The  normal  section  azimuths  are  shown  in  Figure  13,  as  extended  from  Figure  11.  The 
spheroid  has  been  referred  to  its  center  as  origin  of  rectangular  coordinates,  with  the  reference 
plane  —  xz  containing  the  point  Qt(^i,Ai)  as  shown.  The  z-axis  is  the  polar  axis  of  the  spheroid 
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a=Normal  Section  Azimuth  at  Pi  (from  North) 

S  =  Arc  length-Geodetic  distance 
C  =  Chord  length,  Pi  Pe 

jS=Angle  of  depression  of  C  below  horizon  at  Pi 
Ho=Maximum  separation  of  arc  S  and  chord  C 


Figure  11.  Relationship  between  arc  length,  normal  section  azimuth,  chord  length, 
angle  of  depression  of  the  chord  below  the  horizon,  maximum  separation 
of  arc  and  chord. 
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0 


- GEODESIC 

- NORMAL  SECTION  (N(^i)  and  Q.  (fii,  Xi)] 

- NORMAL  SECTION  [N(^i)  and 

. GREAT  ELLIPTIC  SECTION 


Figure  12.  Relationships  relative  to  the  pole  on  the  ellipsoid  of  reference,  of  the 
geodesic,  normal  sections,  and  great  elliptic  section. 
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Figure  13.  The  normal  section  azimuths. 
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and  the  y-axis  is  then  in  the  plane  of  the  equator  —  the  xy-plane  is  the  equatorial  plane  of  the 
ellipsoid.  In  this  coordinate  system  the  points  Qi  have  the  rectangular 


coordinates; 

Qj:  Xj  “  Nj  cos  Qi  5  Xj  =  Nj  cos  cos  A  A. 

yj  =  0  72  “  Nj  cos  02  sin  AA  (] 

Zj  =  Nj  (1  -  e*)  sin  0j  Zj  “  Nj  (1  ~  e*)  sin  02 

The  rectangular  equation  to  the  ellipsoid  is 

(l-e^)(x*  +  y^)+z*-a^(l-e*)»0,  ( 

where  a,  e  are  respectively  the  semimajor  axis  and  eccentricity  of  the  meridian  ellipse. 

The  tangent  plane  to  (2)  at  any  point  (xj,  y,,  Zj)  is 

(1  -  e^)  (xxj  +  yyi)  +  zzi  -  a’  (1  -  e’)  •=  0.  ( 

Hence  the  tangent  plane  at  Q,  is,  from  (l)  and  (3) 
xN'i  cos  01  +  z  Nj  sin  01  -  a^  =  0. 

The  equation  of  the  plane  containing  the  normal  at  Q,  and  the  point  Q2  is  determined  by 
Q2  and  the  points  (NjO*  cos0i,  0,0),  (0,0,  -  NiO*  sin0i),  see  Figure  13.  With  the  coordinates 
of  Q2  from  (1)  we  can  write  the  equation  as 


N2COS02  cos  AA 

Nie*cos0i 


N2  cos  02  sin  AA 


N2(l~e^sin02 


■Nie*sin0i 


which  upon  expansion  may  be  written 
Ax  +  By  -  Cz  “  D  “  0 
where  A  =  N2  sin  0i  cos  02sin  AA 

B  (Ni  sin  01  -  N2  sin  e^cos0i+  N,  (sin  02cos  0i-sin0icos  02  cos  AA) 

C  =  Nj  cos  01  cos  02  sin  AA 
D  =  N1N2 sin  01  cos  0i  cos  02  sin  AA. 

Now  the  direction  cosines  p,  q,  r  of  the  intersection  of  two  planes  AiX  +  Biy  +  CiZ  “  Di, 
AjX  +  Bjy  +  CjZ  “  Dj  are  given  by 

p  =  (B1C2  -  B2Ci)/d,  q  ■=  (C1A2  -  AiCil/d,  r  =  (A1B2  -  A2Bi)/d 
where  d  “  [(BiCj  -  BiCj)"  +  (CiA,  -  AiCj)’  +  (A1B2  -  A,Bi)’  ] 

Note  from  figure  13  that  the  tangent,  ti,  to  the  meridian  at  Qi  lies  in  the  plane  y  =  0  and 
that  defined  by  equation  (4).  To  apply  (6)  to  these  two  planes  we  Iiave  respectively 
Ai  °  Cl  ■=  Di  =  0,  Bi  “  1;  A2  “  Ni  cos  0i,  B,  “  0,  Cj  ”  Ni  sin  0i,  Dj  “  a*  and  (6)  gives  the 
direction  cosines  of  ti  as  pi  “  sin  <f)^,  qi  “  0,  r2  “  “  cos  0i. 
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(These  were  apparent  from  inspection  of  Figure  13  but  illustrate  the  use  of  (6)). 

From  Figure  13,  the  tangent  tj  to  the  elliptic  section  lying  in  the  plane  (5)  is  the  line  of 
intersection  of  the  planes  (4)  and  (5).  From  (4)  and  (5)  v/e  have  respectively  A^  =  Nj  cos  , 
Bj  =  0,  Cl  =  Nj  sin  ^1 ;  Aj  =  A,  Bj  =  B,  Cj  =  -C  and  applying  (6)  find  the  direction  cosines  of 
ti  to  be 


Pj  =  (“B  sin  ^i)/d,  qi  =  (A  sin  (f>i  +  C  cos  ^i)/d,  tj  =  (B  cos  ^i)/d 
where  d  =  [B^  +  (A  sin  0i  +  C  cos 

The  forward  azimuth  from  Qi  to  Qj,  as  shown  in  Figure  13,  is  the  angle  reckoned 

clockwise  from  south  between  the  tangents  tj  and  tj.  Hence  from  (7)  and  (8) 

B  B  B 

cos  a^g  =  PiPj  +  q,qj  +  =  -  —  sin^^i - cos^<^,  =  -  —  , 

d  d  d 

d  “  [  B*  +  (A  sin  01  +  C  cos  0i)^] 

Since  cot  ®AB/(1  “  cos^Aj^b) 

cot  aAg=-B/(d^-B>) 


(8) 


(9) 


(10) 


Now  +  (A  sin  +  C  cos  -  B^  =  (A  sin  ^,+  C  cos  (^l)^ 

so  V'd^'"  A  sin  01  +  C  cos  01  and  (10)  may  be  written 

cot  ay^g  =  -  B/(A  sin  0i  +  C  cos  0i).  (11) 

With  the  values  of  A,  B,  C  from  (5),  equation  (11)  may  be  written  as 

[sin  0,  -  (N./N,)  sin,0  ]  e  *  cos  0 ,  sec  0 ,  +  (sin  0 ,  cos  A  A  -  tan  0 ,  cos  0,). 
cot  = - 1 - ; - 1 - 1 - 12 - Ll - LI - (12) 

sin  A  A 

Referring  again  to  figure  13,  it  is  seen  that  from  considerations  of  symmetry,  we  have  only 

interchange  the  subscripts  1  and  2  and  change  AAto—  A  A  in  (12)  to  obtain  cotg^  (the  back 

zimuth  on  the  other  normal  section).  We  thus  obtain  from  (12) 

[sin  01  -  (Nj/Ni)  sin  02Je^  cos  02  sec  0i+  (sin  0,008  AA-  tan  0  icos  02) 

■  .  ' '  \ld) 


to 


cot  agA  =  - 


sin 


:a  AA 


GREAT  ELLIPTIC  SECTION  AZIMUTHS 

Figure  14  shows  the  great  elliptic  section  and  azimuths  as  abstracted  from  Figure  12.  The 
same  coordinate  system  is  used  as  in  Figure  13  so  that  most  of  the  equations  developed  with  the 
normal  section  azimuths  can  be  used.  The  angle  oy^g  between  the  tangents  ti  and  t2  is  the 
forward  azimuth  required.  We  already  have  the  direction  cosines  of  ti  see  equations  (7).  The 
tangent  t,  is  the  intersection  of  the  great  elliptic  plane  with  the  tangent  plane  at  Qi,  equation  (4). 

The  equation  of  the  great  elliptic  plane  through  Qi,  Q2,  using  equations (1), is  given  by  the  determinant 
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GREAT  ELLIPTIC  SECTION  AZIMUTHS 
AND  ASSOCIATED  GEOMETRY 

P- point  of  maximum  separation,  chord  and  arc 
Ho-  maximum  separation  of  chord  and  arc 


Figure  14.  The  great  elliptic  section  azimuths. 


N,COS01 

Nj  cos  ^2  cos  A  A 

0 


NjCos  1^2®*" 


Njd  -  e^)  sin^i 
N2  (1  -  e^)  sin  <f)2 


which  when  expanded  reduces  to 
Ax  +  By  -  Cz  =  0, 

A  =  (1  -  e^)  tan  c6 ,  sin  A  A 
B  =  (1  -  e^)  (tan  (f)j  —  tan  ^  2  cos  A  A) 
C  =  sin  AA 


(A  A  =  A  2  “  A  j) 


Since  equation  (11)  was  developed  for  generalized  coefficients  A,  B,  C  we  have  only  to 
substitute  the  values  of  A,  B,  C  from  (14)  in  (11)  to  obtain  after  some  algebraic  manipulation, 

Ni^  (tan  <f) ,  cos  A  A  —  tan  <f)^  cos  (f>^ 

cot  a»  D  =  (1  -  e^)  —  — - 

^  a^  sin  AA 

By  symmetrical  interchange  of  subscripts  and  replacing  AA  by  —  AA,  we  obtain  cot  agy^  from 
(15)  as 

(tan  tan  ^2  cos  A  A)  cos  ^2 

cot  =  (1  -  e^)  — ^ - - - 

a  sin  A  A 

Equations  (15)  and  (16)  represent  the  azimuths  of  the  great  elliptic  section  as  shown  in 
Figure  14. 


NORMAL  SECTION  AND  GREAT  ELLIPTIC  SECTION  AZIMUTHS  IN  TERMS  OF  PARAMETRIC 
LATITUDE  e 

From  the  transformation  equations  tan  0  =  (1  -  e*)*'^  tan  (f>,  cos  6  =  —  cos  0, 

(n  2\  1/2  M  „2\  1/2 

sin  e  =  iLZ-li  N  sin  6,  (1  -  e"  cos'  0)‘/'=  —  N 
a  ^  a 

applied  to  equations  (12),  (13),  (15),  16)  we  have  the  normal  section  and  great  elliptic  section 
azimuths  in  terms  of  parametric  latitude. 

Normal  Section  Azimuths  in  terms  of  6. 


cot  a  AD  =+- 


sin  6(cos  AA  -  cos  0,  tan  02  +  e'(sin  02  — sin  0j)  cos  0j  sec  9^ 
(1  -  e'  cos'0,)'^'sin  AA 

sin  02  cos  AA  -  cos  02  tan  0,  +  e'  (sin  0,  -  sin  9^  cos  02 sec  0, 
(1  -  e' cos '  02)'^^'  sin  A  A 
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Great  Elliptic  Section  Azimuths  in  terms  of  Q 

(tan  B ,  cos  A  X  —  tan  B^ )  (cos  )  (1  —  e*  cos^  0,  )*/* 


cot  a^g  =  + 


cot  agy^  =  + 


sin  A  A 

(tan  01  -  tan  cos 'A  A)  (cos  0j)  (1  —  e^  cos^^^)*'^^ 
sin  A  A 


(18) 


GREAT  ELLIPTIC  ARC  DISTANCE 

Referring  to  Figure  9,  it  is  seen  that  the  great  elliptic  arc  is  orthogonal  to  a  meridian  at 
a  point  Po(^o>  ^o)  v/hich  is  the  vertex  of  the  great  elliptic  arc  determined  by  the  points 
P,(<^i,Aj),  Aj)  on  the  ellipsoid.  The  equation  of  the  great  elliptic  plane  through  P, 

and  Pj  is  given  by  equations  (14).  Now  a  meridional  plane  orthogonal  to  (14)  has  an  equation 
of  the  form  Bx  -  Ay  =  0  and  the  rectangular  coordinates  of  Po(^o>  >"“st  satisfy  both  planes 
From  (1),  the  rectangular  coordinates  of  P,,  (^o,  Ao)  are  Xo  =  No  cos  (ft^cos  AAo, 
yo  =  No  cos  00  sin  A  Ao,  z  =  No(l  -  e^)  sin  0o  ^"<1  these  placed  in  Bx  -  Ay  =  0  and  (14)  give 
B  cos  AAo-  A  sin  AAo  = 

A  cos  A  Ao+  B  sin  A  Ao  =  C  (1  -  e^)  tan  0o  • 

From  the  first  of  (19)  find  tan  AAo=  B/A,  whence  sin  AAo=  B/(A^+  B^)‘/*and  these  values 
placed  in  the  second  of  (19)  give  tan  0o=  +  B^)’/VC  (1  -  e*), 

^  /  A'  +  B’  \ 

sin  00  =  tsa  0o/ (1  +  tsa  0o)  =( - -  }  » 

^  ^  VA’  +  B’  +  C^d-e^)*/ 

tan  A  Ao  =  B/A. 

With  the  values  of  A,  B,  C  from  (14),  equations  (20)  may  be  written 


(19) 


(20) 


sia  00  = 


tan^  0 ,  -  2  tan  0i  tan  0  j  cos  A  A  +  tan  ’  0j 


1/2 


(21) 


^tan^0 2  tan  0,  tan  02  cos  AA  +  tan^02+  sin  ^AA 
tan  A  Ao  =  (cot  0,  tan  02  -  cos  A  A)/sin  AA, 
tan  00  =  ( tan  ^0,  +  tan’ 02  -  2  tan  0,  tan  0jCos  AA)‘^/sin  A  A  . 

From  the  second  of  equations  (19),  dropping  the  subscript  zero  and  differentiating  we  obtain 
(-  A  sin  A  A  +  B  cos  A  A)  (d  A  A)  =  C  (1  -  e’)  sec’  0  d  0.  (22) 

By  solving  A  cos  A  A  +  B  sin  A  A  =  C  (1  -  e’)  tan  0  with  the  identity  sin  ’A  A+ cos’ A  A  =  1,  find 
BC  (1  -  e’)  tan  0  +  A  [  (A’  +  B’)  -  C’  (1  -  e’)’  tan’  0] 


sin  AA  =  - 


cos  A  A  = 


A’  +  B’ 

-  AC  (1  -  e’)  tan  0  +  B  [(A’  -  D’)  -  C’(l  -  e’)’  tan’0] 
A’  +  B’ 


(23) 
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(24) 


From  (23)  one  has  then 

-  A  sin  AA  +  B  cos  AA  =  [(A^  +  B^)  -  C*(l  -  e^)^  and  this  value  placed  in 

(22)  gives 

C(1  -  e^)  sec^  ^  d  ^ 

(dAA)= - -  / 

[(A^  +  B*)-C"a-eT  tan  VI 

whence,  by  means  of  relations  (20)  and  trigonometric  identities, 

^  C^(l  -  e*)*  sec^^d^^  sec'*  0d0^ 


(dAA)* 


A^  +  B^  -  (1  -  e")’  tan V  A^  ^ 

C’(l-eT 

sec*0d^^  sec*^d^^ 


Now  the 
ds^  = 


tan’^j-tan^^  sec^^a -sec^^ 
inear  element  of  the  spheroid  is,  [8]  page  62, 


sec^(^d^"+  (iL)  (dAA) 


R; 


cos^<j). 


(25) 


(26) 


1  -  e^ 

where  R  =  a(l  -  eV(l  “  e'  sin'0)V'^ - N";  N  =  a/(l  -  e'  sm^4,)v^ 

a" 

Now  from  (25)  and  (26)  it  is  seen  that  we  will  be  able  to  express  the  quantity  in  brackets 

in  terms  of  sec  ^  and  sec  since 

/N\^  (1  -  easin' ^)*  [(1  -  e*)  sec*^  +  e*]* 

(1-e*)*  sec*^ 

^N\  ’ 

—  I  from  (25)  and  (27),  the  linear  element  (26)  may  be 


.RJ 


(1  -  e^)’ 


(27) 


With  the  values  of  (dAA)*  and 
be  written 


ds* 


sec*^  + 


[(1  -  e*)  sec*  <f)  +  e*]* 


(R*  cos*0d0*). 


(1  -  e*)*  (sec*^o  -  sec*^) 

If  the  quantity  in  brackets  is  given  a  common  denominator,  then  (28)  may  be  written  as 

(1  -  e*)  sec*^  [(1  -  e*)  sec*^o  +  2e*]  +  e* 

(1  -  e*)*(sec*^o"sec*<^) 


ds* 


(R*  cos*0d^*)  . 


To  bring  (29)  into  manageable  form  we  place  k 


•No  sin  00 »  “nd 


(28) 

(29) 

(30) 


cos  d 


N  sin  0 


No  sin  00 

(Note  that  k  “  Co,  is  the  eccentricity  of  the  great  elliptic  arc.  See  Figure  15.) 


49 


N 


GREAT  ELLIPTIC  SECTION 

Major  semiaxis  is  a 

Minor  sernioxis  is  bo  =0^1-6*  sin^^o 

a,e  are  semimajor  axis  and  eccentricity  of  the  ellipsoidal  meridian 
00  is  the  geocentric  latitude  of  the  vertex  Po  of  the 
Great  Elliptic  Section 

eo  is  the  eccentricity  of  the  Great  Elliptic 
eo  =(a-bo*)*/a  =  e  sin  go  =  (e'Te^/ajNosin^o 

Coordinates  of  Po  are  Po  (a  cos  go  cos  A.©, a  cos  0o  sin  A.©,  b  sin  go)  or  in 

terms  of  geodetic  latitude  (fio 

Po(No  cos  00  cosa  AoiNo  cos  0©  sin  aAoiNo(i-e*)sin  0o) 


Figure  15.  Elements  of  the  great  elliptic  section. 
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(31) 


From  the  first  of  (30),  placing  No  *=  a/(l  —  e*  sin*^o)*‘^  2nd  solving  for  sec^^o  (1“^ 
sec^<^o  =  (1  ~  e*  +  k^)/(l  -  e*)  (1  -  kVe*). 

With  the  value  of  Nq  sin  ^o  ^om  the  first  of  (30)  placed  in  the  second  find 
N  sin  <j>  =  (ak/ e  1  —  e^ )  cos  d  and  with  N  =  a/ ^  1  ~  e^  sin*^,  solving  for  sec^<f)  find 

cos^ 


sec  ^  =  ■ 


1  -  e^  +  k^  cosM 


(1  -  e^)[l-(kVe^)  cosM] 

By  differentiating  N  sin  ^  =  (ak/e-y/l  —  e^)  cos  d  obtain 


(N  sin  =  —  (ak/e^l  —  e^)  sin  d  Sd 

^  R  cos  <f) 


Since  (N  sin  <(>)'  = 


1-e^ 


,  equation  (33)  may  be  written 


R  cos  (f) 
1-e* 


d(^  =  -  (ak/e\/l  -  e^)  sin  d  Si  or  finally 


(R"  cos"  <^d0")  =  (1  -  e")a"  (kVe")  sin"d  Sd". 
Now  from  (31)  and  (32)  find 

(kVe")  sin"d 


sec  <io  ~  sec  = - 

(1  -  e")  (1  -  k"/e")  [  1  -  (k"/e")  cos"d] 

and  the  numerator  of  (29)  becomes 


(1  -  e")  sec"^[0.  -  e")  sec"^o  +  2e"]  +  e^ 


1  “  k"  +  k"  cos"d 


(l-kVe")[l-kVe")  cos"d] 
With  the  values  from  (34),  (35),  (36)  the  linear  element  (29)  becomes 

as=  -  1-k'  ,  (l-e")(l-kVe")[l-(kye")  cos"d]  .  ^ 

^  '  (1  -  kVe")  [1  -  (k7e")  cos"d]  (kVe")  sin"d  (1  -  e")" 

a"(kVe")  sin"d  5d"  a"(l  -  k"  +  k"  cos"d)  5d", 
ds"  “  a"(l  -  k"  sin"d)  5d". 

Now  equation  (37)  is  the  usual  elliptic  integral  form  with  modulus  k,  and  we  write 

d/ 


s  =  a 


7'^ 


(1  -  k"  sin"d)  5d, 


where  k  =  (e  y/l  —  eVa)  Np  sin  ^p,  the  modulus  of  the  elliptic  integral,  and 

d,  =  cos”*  (N,  sin  0,/Np  sin  ^p),  dj  =  cos  ”*  (Nj  sin  ^j/Np  sin  ^p).  (k  is  equal  to  ep  the 

eccentricity  of  the  great  elliptic  arc  —  see  Figure  15). 

The  integrand  of  (38)  may  be  expanded  by  the  binomial  formula  and  integrated  term  by 
term  to  obtain  an  approximation  formula  for  direct  computation.  To  6th  order  terms  in 
k:  (1  -  k"  sin"d)*/"  =  1  -  ’/^k"  sin"d  -  (l/8)k^  sin''d  -  (l/16)k'  sin*d  -. 


(32) 

(33) 

(34) 

(35) 

(36) 

(37) 

(38) 


(39) 


51 


Making  the  identity  substitutions 

sinM  “  cos  2d,  sinM  =  (3/8)  -Kcos2d+  (cos  4d)/8 

sin*d  =  (5/16)  -  (15/32)  cos  2d  +  (3/16)  cos4d  -  (1/32)  cos6d,  in  (39)  and  integrating 
term  by  term  according  to  (38)  one  obtains 

s/a  =  (di  +  d,)  -  Vik^VA  (di  +  d,)  -  5^ (sin  2d,  +  sin  2d,)]  -  (l/8)kn(3/8)  (d,  +  d,)  - 

}^(sin2di  +  sin  2d2) +(1/32)  (sin4d,  +  sin4d,)]-(l/16)k‘‘  [(5/16)  (d, +d2)  -  (40) 

(15/64)  (sin2d,  +sin2dj)  +(3/64)(sin4d,  +sin4dj) -(1/192)  (sin6d,  +sin6d2)]. 

By  means  of  the  identity  sin  x  +  sin  y  = 

2  sin  Abe.  +-  y)  cos/^(x  -  y),  equation  (40)  may  be  written  finally  as 
s/a  =  (d,  +  d,)  -  Mk^  [(d,  +  d,)  -  sin  (d,  +  d,)  cos  (d,  -  d,)] 

-  (l/128)k^  [6(d,  +  d,)  -  8  sin  (d,  +  d,)  cos  d,  -  d,)  +  sin  2(d,  +  d,)  cos2(di-d2)]  (41) 

-  (l/1536)k*  [30(d,  +  d,)  -45  sin(d,+d2)  cos  (d,-d2)+9  sin2(di+d2)  cos2(di-d2) 

-  sin  3(dj  +  d,)  cos  3(di  -  d,)], 

a  and  e  are  semimajor  axis  and  eccentricity  of  the  meridian  ellipse,  k  =  (e\/l  — eVa)  sin^o 
(k  =  eo,  the  eccentricity  of  the  great  elliptic  arc),  (po  is  the  vertex  of  the  great  elliptic  arc  as 
given  by  (21).  d,  =  arc  cos  (N,  sin  0i/No  sin  d,  =  arc  cos  (N,  sin  1^2/No  sin  <^a).  ^ITien 
^0  “  90°;  equation  (41)  gives  a  meridian  arc  of  the  spheroid.  When  aa  arc  of  the 

equator  or  circle  of  radius  a  is  given.  Formula  (41)  thus  consists  of  a  circular  arc  and  successive 
corrective  terms. 

To  examine  the  contribution  of  the  terms  in  (41)  take  the  case  =  0,  =  0,  9^0=  45°, 
d,  =  d,  =  90°  which  will  give  the  semilength  of  the  great  ellipse  making  an  angle  of  45°  with 
the  equator.  For  the  Clarke  1866  spheroid,  e^  =  6.768657997  x  10”’,  a  =  6,378,206.4  meters. 

From  (41)  we  have  then 

1st  term  ax(d,  +  d2)  “  20,037,773  meters 
2nd  term  -a  x  2.65804  x  10'’  ■=  -  16,954  meters 
3rd  term  -a  x  0.17  x  10"’  =  -  11  meters 
4th  term  -a  x  0.24  x  lO'®  -  -  0.015  meters 

When  ^2  =  90,  0 ,  =  9i>2  =  0,  d,  +  d,  =  n,  and  (41)  reduces  to  the  usual  formula  for  length  of 
the  semimeridian  from  equator  to  equator  through  the  pole  s”a7r[l-54e’-(3/64)e’-(5/256)e* — ]. 


52 


GREAT  ELLIPTIC  ARC  LENGTH  IN  TERMS  OF  PARAMETRIC  LATITUDE  6 


Equation  (41)  gives  the  arc  length,  but  the  modulus  k,  d,  and  dj,  and  vertex  must  be 
expressed  in  terms  of  parametric  latitude,  6,  if  the  geographic  latitudes  <f>2  of  the  given 
points  P,,  Pj  have  been  first  converted  to  parametric  latitudes  0^,  02* 

The  relationships  tan  ^  N  sin  ^  3ppli®<lto 

k  =  (eVl  -  eVa)  Nosin  0o, 

dj  =  arc  cos  (N,  sin  ^i/N^  sin  ^o),  dj  =  arc  cos  (Nj  sin  ^j/Nj  sin  and  the  last 
of  equations  (21)  give 

Co  =  k  =  e  sin  0o  »  “  ^rc  cos  (sin  0i/sin  do),  dj  =  arc  cos  (sin  Oi/sin  do), 

tan  do  =  (tar?0r  +  tar? 02—  2  tan  d^  tan  d^  cos  AA)’^^  /sin  A  A  , 


whence 


sin  00  =  tan  6|)/(1  +  tan^0o)  , 

tan’0i  +  tan  ^02  "  2  tan  0i  tan  02  cos  A  A 


0 


(42) 


sin  00  =/ 


^tan*0i  +  tan  ^  02  -  2  tan  0j  tan  02  cos  A  A  +  sir?  A  A^ 

Equations  (41)  and  (42)  give  then  the  arc  length  along  the  great  elliptic  arc  when  geographic 
latitudes  have  been  converted  to  parametric  latitudes. 

THE  CHORD  DISTANCE 


The  chord  distance  between  the  points  Q,  (x„  0,  Zj),  Qj  (xj,  y2,  Zi)  shown  in  Figures  (13) 
and  (14)  is  given  by  the  usual  distance  formula  where  the  coordinates  may  be  expressed  in 
terms  of  either  ^  or  0,  that  is  from  (1) 

X,  =  Ni  cos  <j)i,  yi  “  0,  Zi  =  N,  (1  -  e^)  sin  ^  (in  terms  of  <(,) 

Xj  “  N2  cos  (f)2  cos  AA,  y2  “  N2  cos  <^2  sin  A  A,  Zj  “  N2  (1  •“  e^)  sin  ^2 ,  (43) 

or  Xj  “  a  cos  0i,  y  =  0,  z,=  a  \/l  -  e^  sin  0,  (in  terms  of  0) 

Xj  =  a  cos  02  cos  A  A,  y2  =  a  cos  dj  sin  A  A,  Z2  =  a  yl-e^sin  02  . 

Applying  the  distance  formula  to  each  set  of  formulas  in  (43)  for  coordinates  one  obtains 

(44) 

C  =  [(Ni  cos^j-Nj  cos  ^2 cos  AA)*  H-Nj^cos’^jsin^A A  +  (l-e*)^(NiSin^i-Njsin^2^^]*^^ 
and  in  terms  of  0 

C  =  a[(cos02  cosAA-cos  0i)*  +  cos*02  sin  *AA+  (l-e*)(sin  02-  sin  0j)*]*^*  (45) 

In  (45),  expand  the  quantities  in  the  brackets  combining  terms  to  obtain 

C  =  a  [2  —  2  (sin  0,  sin  02+ cos  0,cos  02 cos  AA)  —  e*  (sin  02  —  sin  0i)*]‘^*  .  (46) 

Now  cos  (d,  +  d2)  ”  sin  0,  sin  02+  cos  0,  cos  02cos  AA  and  with  sin  0,=  sin  do  cos  dj, 
sin  02  =  sin  do  cos  d2,  k*  =  e*sin*0o  from  (42),  equation  (46)  can  be  written 

C  =  a[2{l  -  cos  (d,  +  d2)j  -  k*  (cos  dj  -  cos  d,)*]*^*.  (47) 
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With  the  identity  (cos  dj  -  cos  dj)^  “  [1  ~  cos  (dj  +  d^)]  [1  -  cos  (dj  -  dj)], 
we  can  write  (47)  finally  as 

C  =  a  {1  -  cos  (di  +  dj)}  {2  -  k^[l  -  cos  (dj  -d2)]}j  .  (48) 

Now  (48)  gives  the  chord  length  no  matter  which  latitude  is  used,  <f>  or  6,  since  for 
d,  =  arc  cos  (N,  sin  ^i/No  sin  0o)j  dj  =  arc  cos  (Nj  sin  ^j/Nosin  0o)> 

F  =  [e*(l  -  e^l/d®)]  No^sin^^oi  while  for  6: 

di  =  arc  cos  (sin  O^/sin  d„),  dj  =  arc  cos  (sin  0j/sin  6o),  =  e*sin^0o  •  Also  (41)  and  (48) 

make  it  possible  to  prepare  a  computing  form  in  terms  of  either  <j)  or  6  with  corresponding 
azimuth  forms  from  equations  (12),  (13),  (15),  (16),  (17),  (18). 


THE  ANGLE  BETWEEN  THE  CHORD  AND  THE  HORIZON  AT  A  GIVEN  POINT  OF  THE 
ELLIPSOID 

Referring  to  Figure  13,  it  is  seen  that  the  angle  /3  is  determined  by  a  perpendicular,  u, 
from  Q2  upon  the  tangent  at  Qj  and  the  chord  c.  That  is  sin  B  =  u/c. 

Now  the  length  of  u  is  obtained  by  normalizing  the  equation  of  the  tangent  plane  at  Qi, 
equation  (4),  and  substituting  the  coordinates  of  the  point  Qj  from  (1): 

u  =  —  [a*  -  N,Nj  cos  <^i  cos  02  cos  A  A  -  (1  —  e^)  Nj  sin  0  j  sin  02  3  • 

Ni 

We  can  express  u  in  parametric  latitude,  6,  since  (1  -  e^)  N,N2  sin  0,sin  02  = 
a^  sin  61  sin  0j,  NjNj  cos  0,  cos  02=  a’  cos  6^  cos  02>  Nj  =  (a/\/ 1  -  e^)  V 1  -  e*  cos*  0,  , 

i.e. 


_ - 5  1  -  (sin  sin  6^  +  cos  0,  cos  6^  cos  A  A) 

u  =  a\/l  -  e  i —  — 

«J\  -  cos^02 

Referring  to  equation  (46)  and  the  discussion  there, 
cos  (d,  +  d2)  =  sin  ^jsin  6^  +  cos  6^  cos  02  cos  A  A, 
sin  0,  =  sin  do  cos  d,,  k  =  e  sin  do  and  (50)  can  be  written  in  the  form 

1  -  cos  (d,  +d2) 

u  =  b - -  , 

(1  -  e’  +  k^  cos’d,) 

Where  b  =  a  \/l  -  e’  is  the  minor  semiaxis  of  the  reference  ellipsoid.  From  (48)  and  (51) 
we  have  then 

u  (  (1  -  e’)  [1  -  cos  (d,  +  d2)]  ) 

sin/3=— =  < - - — - -> 

c  |^[2  -  k’il  -  cos  (dj-dj)!]  (1  ~  e’  k’  cos’d,)j 


and  thus  sin  /3  is  expressed  in  the  same  quantities  as  the  distance  and  chord  lengths;  see 
equations  (41)  and  (48). 


(49) 


(50) 


(51) 


(52) 
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MAXIMUM  SEPARATION  OF  CHORD  AND  ELLIPTIC  ARC 

In  Figure  14,  Hj,  is  the  maximum  separation  between  the  great  elliptic  arc  and  the  chord. 

As  shown,  this  occurs  when  the  tangent  to  the  ellipse  is  parallel  to  the  chord.  Also  when 
this  occurs  the  center  of  the  ellipse,  the  midpoint  of  the  chord,  and  the  point  P  on  the  curve 
are  collinear,  [10].  Hence  the  geographic  coordinates  of  the  point  P  can  be  found  from  the 
intersection  of  the  meridian  through  Q  and  the  plane  of  the  great  elliptic  section. 

The  coordinates  of  Q,  the  midpoint  of  the  chord  QiQj,  are 

i(a/2)  (cos02  cos  AA  +  cos  0,) 

(a/2)  (cos  $2  sin  A  A) 

( (b/2)  (sin  01  +  sin  6^ 

and  the  meridian  through  Q  has  the  equation  (cos  0j  sin  AA)  x  -  (cos  0i  +  cos  02cos  AA)y  =  0.  (53) 
The  equation  to  the  plane  of  the  great  elliptic  arc  in  terms  of  parametric  latitude  is 
Ax  +  By  +  Cz  =  0, 

A  =  b  tan  sin  A  A,  B  =  b  (tan  0^  -  tan  0,  cos  A  A),  C  =  —  a  sin  A  A 
(Compare  equation  (14),  where  it  is  in  terms  of  geodetic  latitude  (f).  Now  the  point  P 
(a  cos  0  cos  A,  a  cos  0  sin  A,  b  sin  0)  on  the  the  ellipsoid  must  satisfy  both  equations  (53) 
and  (54)  if  it  is  to  be  the  required  point  P  on  the  great  elliptic  arc.  This  leads  to  the 
equations  cos  0j  sin  A  A  cos  A  -  (cos  0i  +  cos  0j  cos  A  A)  sin  A=  0, 

A  cos  A+  B  sin  A  +  C  tan  0  =  0, 
where  A,  B,  C  are  those  of  equation  (54). 

Solving  (55)  for  A  and  0  find, 

^  I A  =  arc  tan  [(cos  02 sin  A  A)/(cos  02 cos  AA  +  cos  0,)], 


(54) 


(55) 


0  =  arc  tan 


0  =  arc  tan 


(tan  01  sin  A  A)  cos  A  +  (tan  02-  tan0i  cos  A  A)  sin  A 


sin  A  A 

tan  02  sin  A  +  tan  0i  sin  (A A  —  A) 


(56) 


sin  A  A 

0  =arc  tan  [(sin  0i+  sin0j)/(cos^0,  +  cos^02  +  2  cos  6^  cos  02  cos  AA)’^^]. 

We  have  seen  that 

cos  (di  +  d2)  “  sin  0i  sin  02  +  cos  0i  cos  02  cos  A  A 
sin  01  =  sin  0o  cos  di,  sin  02  =  sin  0^  cos  d2 
whence  we  can  express 

co^0i  +  cos^02  +  2cos  01  cos  02  cos  AA=  [l  +  cos (di+d2)][2-sin^0o{l  +  cos(di-d2)}] , 
(sin  01  + sin  02)’  =  sin’0o  [l  +  cos  (di  +  d2)]  [1  +  cos  (di  -  d,)] 


(57) 
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and  the  last  equation  of  (56)  may  be  written 

sin  do  V 1  +  cos  (di  -  d^) 

6  =  arc  tan  -  -  -  — 

V  2- sin^^o  [1  +  cos  (dj-dj)]  . 

It  is  known  that  '  PP  will  be  given  by  H,,*  •=  [(y  -  y,)  r  -  (z  -  Zj)  q]’  +  [(z  -  z,)  p  - 
(x  -  x,)r]*  +  [(x  -  X,)  q  -  (y  -  yi)p]^,  where  x,y,  z,  are  coordinates  of  P;  Xj,  y„  Zj  are  co¬ 
ordinates  of  0i  and  p,  q,  r  are  direction  cosines  of  the  chord  c  =  QiQj*  [ll].  See  Figure  14. 
From  (56)  and  (58)  we  can  express  the  rectangular  coordinates  of  P  as 

p,  a  cos  0,+ cos  0jcos  AA 

■  x  =  acos0cosA  =  —  —  - 

\fT  y/l  +  cos  (d,  +  dj) 


a  cos  sin  A  A 

y  =  a  cos  6  sin  A  =  -  ~ 

\/2  \/T+cosTdi+d^ 


:  b  sin  $  ■■ 


b  sin  6 1+  sin  Oq 
\f2  VI  +  cos  (d,  +dj) 

s  from  (1)  are  converted  to  parametric  latitude  they  will  be  Qj  (a  cos  0,, 
Ds  02  cos  A  A,  a  cos  62  sin  AA,  b  sin  6^  whence  the  direction  cosines  o 


If  the  coordinates  from  (1)  are  converted  to  parametric  la 

0,  b  sin  0,);  Qj  (  a  cos  cos  A  A,  a  cos  02  sin  AA,  b  sin  02l 
.1  11  /^  /^ 


—  r  —  —  -  t#  »  —  t  -4*  * 

the  chord  c  =  Q2Q2  are 
a 

p  =  —  (cos  02  cos  A  A  -  cos  0i) 
c 

a 

q  =  —  cos  02  sin  A  A 
c 

b 

r  =  —  (sin  02  -  sin  0.) 
c 

From  (60)  and  the  coordinates  of  Qj  (a  cos  0„  0,  b  sin  0,)  we  have 
a 

X  -  Xj  “ —  (cos  01  +  cos  02  cos  A  A)  -  a  cos  0, 

\^R. 

y  -  yi  “  (a  cos  02  sin  AA)/V2  R, 

z  -  Zj  “  (sin  0,  H-  sin  0^  -  b  sin  6^ 

v2  Ro 

Where  R,,  •=  V 1  cos  (dj  +  dj)  •=  \pl  cos  )^(d,  +  dj). 

With  the  values  from  (61)  and  (62)  the  expression  (59)  is  formed  to  give 

a'(V2-Ro)' 

- cos^0iCos^02[b^(tan’0i +tan’02“2  tan  0,  tan02  cosAA)+a^ 

c^  Ro^ 


iAA)+a^sin  *AAJ 
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Where  Ro  “  [l  +  cos  (d,  +  =  \f^  cos  K(di  +  dj). 

Using  the  relationships  (42),  (48),  (57)  equation  (63)  can  be  solved  for  Ho  in  any  of  the 

following  several  forms; 

bo  +  cos  (di  +  dj) 

Ho  =  —  -  . . .  , 

V  2  -  1 1  -  cos(di  -  djli 


abo  /(V2  \  ,  . 

=  - I - -llsin  (d,  +  dj), 

c  \  Ro  / 

= - ■”  sin  )^(di  +  dj)  [1  -  cos  )^(dj  +  dj)] , 

c 


(64) 


Where  Ro  =  \]\  v  cos  (d,  +  dj)  =  V  2  cos  /^(dj  +  d^) 

bo  =  Vl  ~  “  aVl  ~  ”  minor  semiaxis  of  the  great  elliptic  arc  —  see  Figure  15.  Thus 

Ho  is  also  expressed  in  quantities  common  with  other  elements  of  the  great  elliptic  arc  —  see 
equations  (41),  (48),  and  (52). 


A  COMPUTING  FORM  FOR  GREAT  ELLIPTIC  ARC  LENGTH  AND  ASSOCIATED  ELEMENTS 
Since  the  computations  to  be  discussed  with  the  great  elliptic  arc  approximation  and  the 
Andoyer-Lambert  approximation  both  involve  corrections  to  spherical  elements,  the  basic  spherical 
approximation  is  reviewed  in  Figure  16,  and  basic  spherical  formulae  listed. 

Now  from  (42)  write 

sin^0c  =  K/(K  +  1), 

K  =  (A  tan  0,  +  B  tan  )/  sin^  A  A  (65) 

A  =  tan  0j  -  tan  cos  A  A ,  B  =  tan  0j  —  tan  0 ,  cos  A  A .  (66) 

Azimuth  equations  (17)  become 

cot  0^0=  Di  (Ri  -  B),  cot  agA  =  Dj  (A  -  Rj) 

Dj  “  cos  0, /Tj  sin  A  A,  D^  =  cos  02/Tj  sin  AA  (67) 

Rj  -  C/ cos  02,  R2  “  -  C/ cos  0, 

C  =  e^  (sin  02  -  sin  0j) 

T,  =  (1  -  e^  cos^0,)‘'^^  ,  T2  =  (1  -  e’  cos ’02) 

Equation  (41)  becomes 

s  =  a  (H  +  U,  +  Uj  +  Uj)  (68) 

where  U,  =  -N,  (H  -  Q,),  U2  “  -  N2(6H  -  8Q,  +  Q2), 

U3—N3  (3OH-45Q3+9Q2-Q3) 

k’  =  e’  sin ’00  =  (eccentricity  of  the  great  elliptic  arc). 
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cos(di*-d2)=sin9i  sin02+cos$icos02COsAA. 
sin(di+d2)=(cos0isinAA.)/sinB=(cos02SinAA.)/sinA 
sinfli = sinSo  cos  di  ,  sin@2=  sinSo  cos  dz 
NOTE-Qo  may  be  external  to  QiQz.i.e.  if  either 
A  or  B  IS  greater  than  90° 


Figure  16.  Elements  of  polar  spherical  triangles. 


=  Ic74,  Nj  =  kVl28  =  1/8 NjS  N,  =  kVl536  =  (1/3)N,N„ 

Qi  =  sin  H  cos  P,  Q2  =  sin  2H  cos  2P,  Q,  =  sin  3H  cos  3P,  H  =  dj  +  dj,  P  =  dj  -  d^. 
di  and  dj  are  computed  from 

cos  2di  =  2(1  -  cos^0i)/sin^0o  “  1 
cos  2d2  =  2(1  -  cos  *02)/sin  ^do  -  1 

since  cos^0i  and  cos  ^02  are  already  needed  for  Tj  and  T2,  (67)  above,  and  the  use  of  sin^0o 
eliminates  the  computation  of  the  square  root  of  K/(K  +  1).  A  check  is  provided  by 
sin  (dj  +  d2)  =  sin  sin  62  +  cos  6^  cos  62  cos  A  A. 

From  (48)  the  equation  of  the  chord  may  be  written 

c  =  a(VW)  V  =  (1  -  cos  H),  W  =  2  -  k"R,  R  =  (1  -  cos  P). 

From  (51)  and  (52)  in  terms  of  the  symbols  used  above  find 

b  /T" 

u  =  bV/Ti  sin  /3  =  bV/cTi  =  —  .  /  —  . 

T.  V  W 


From  (64)  in  terms  of  the  above  symbols  find  Ho 


(sin  VtU)  (1  -  cos  KH), 


bo  =  ay/l  -  k^,  k^  '  e^  sin  ^00- 

Figure  17,  shows  equations  (65)  through  (72)  arranged  for  computing  and  a  computation 
performed  on  the  line  Moscow  to  Cape  of  Good  Hope.  On  the  form  find  the  geodetic  distance, 
the  normal  section  azimuths,  the  chord  distance,  the  angle  between  the  chord  and  the  horizon 


at  Pi,  and  the  maximum  separation  of  the  chord  and  surface.  The  following  table  lists  these 
values  and  gives  a  comparison  with  the  distances  computed  by  the  rigorous  Helmert  method  and 
the  Andoyer-Lambert  Approximation.  Note  that  the  geographic  coordinates  of  the  point 
P((;6,A)  where  the  maximum  chord  separation  from  the  surface  occurs  may  be  computed  from  (56), 
(58),  and  already  computed  quantities  in  Figure  (17). 


MOSCOW  TO  CAPE  OF  GOOD  HOPE 

DISTANCE  AZIMUTHS 

Meters  n.m.  Method  Forward  Back  Type 

10,102,069.91  5454.6814  Great  Elliptic  15°46’  56':744  190°39'  27':350  Great  Elliptic  Section 

15°  49'  57’:607  190°  41'  29'1799  Normal  Section 

10,102,069.06  5454.6809  Helmert  15°  48'  17':674  190°  39'  32';208  Geodetic 

10,102,065.28  5454.6789  Andoyer-  15°  48'  17'1518  190°  39'  32':il0  Geodetic 

Lambert 

meters  n.m. 

9,068,419.05 
1,906,854.55 
45°  32'  37':462. 


CHORD  DISTANCE 
(MAXIMUM  CHORD  SEPARATION) 
CHORD  DEPRESSION  ANGLE 
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4896.5546 

1029.6191 


Computations  for  distance,  Normal  Section  Azimuths,  Chord  length.  Angle  of  Depression 
of  the  Chord,  Maximum  Separation  distance  of  chord  and  arc.  Based  on  Great  Elliptic 
Section  Approximation  to  geodesic.  Clarke  1866  Spheroid. 

578,206.4  meters,  b  =  6,356,583.8  meters,  e*  =  6,7686580  x  10"’,  1  radian  ■=  206,264,8062  sec 


Figures  18  and  19  show  the  great  elliptic  arc  formulae  for  distance  arranged  with  geodetic 
azimuth  formulae  and  the  computations  for  distance  and  azimuth  over  the  two  lines 
(1)  MOSCOW  TO  CAPE  OF  GOOD  HOPE  and  (2)  RAMEY  AFB  to  MOUNTAIN  HOME  AFB. 

No  square  roots  are  involved  and  only  eight  place  tables  of  trigonometric  functions,  as 
Peters,  are  needed  in  addition  to  the  constants  for  a  particular  spheroid  of  reference.  The 
comparison  with  the  Helmert  rigorous  and  Andoyer-Lambert  approximation  is; 

Line  Distance(meters)  Method  Forward  Az.  Back  Az. 

(1)  10,102,069.91  Great  Elliptic  Arc  15°  48’  17';519  190°  39'  32'1109 

10,102,069.06  Helmert  15°  48'  17':674  190°  39'  32':208 

10,102,065.28  Andoyer-Lambert  15°  48'  17';518  190°  39'  32';il0 

(2)  5,304,035.439  Great  Elliptic  Arc  131°  52'  34'1985  285°  10'  06'!870 

5,304,032.437  Helmert  131°  52’  35'129  285°  10'  06';65 

5,304,030.844  Andoyer-Lambert  131°  52'  35':043  285°  10’  06'1869 

REVIEW  OF  FORMER  STUDIES 

The  Air  Force  Aeronautical  Charting  and  Information  Center  made  an  extensive  study  of 
the  Inverse  Problem  of  Geodesy  (1956—1957),  over  lines  50  to  6000  miles,  [12].  A  review  of 
this  study  indicates  favorably  the  use  of  the  so  called  Andoyer-Lambert  Formulae  relative 
to  requirements  for  Hyperbolic  Electronic  Systems  since  (1)  they  give  very  nearly  geodetic 
distance  with  about  the  same  error  over  all  lines  from  50  to  at  least  6000  miles,  (2)  azimuths 
are  within  about  a  second  of  true  geodetic  azimuths  over  all  lines,  (3)  no  tabular  data  for  a 
particular  spheroid  is  needed,  (4)  the  only  table  of  mathematical  functions  required  is  a  table 
of  the  natural  trigonometric  functions  as  Peters  eight  place  tables,  (5)  no  root  extraction  is 
involved  in  the  computations.  The  formulae  are  thus  quite  adaptable  to  small  electric  desk 
calculators  or  larger  high  speed  digital  machines.  However,  in  review  it  seemed  unnecessary 
to  convert  geographic  coordinates  to  parametric  before  making  the  computations,  hence  a 
series  of  computations  were  made  over  the  ACIC  chosen  lines  for  direct  comparison.  A 
representative  group  from  50  to  6000  miles  was  selected  and  additional  comparisons  were 
made  against  two  lines  whose  true  geodetic  lengths  and  azimuths  were  known.  No  lines  of 
0°  azimuth  (meridional  sections)  were  used  because  this  is  the  trivial  or  limiting  case  and 
extensive  tables  of  meridional  distances  for  all  reference  ellipsoids  are  available  or  quite 
simple  computation  formulae  are  available  for  computing  meridional  arcs.  The  spherical 
formulae  used  are: 


COMPUTATIONS,  DISTANCE,  AZIMUTHS 
Great  Elliptic  Arc,  Geodetic  Azimuths 
Clarke  1866  Ellipsoid;  a  =  6,378,206.4  meters,  e^  =  6.6786580  x  lO" 
f/2  =  0.00169503765,  1  radian  =  206,264.8062  seconds,  1852  meters  =  1 


COMPUTATIONS,  DISTANCE,  AZIMUTHS 
Great  Elliptic  Arc,  Geodetic  Azimuths 
ark  1866  Ellipsoid:  a  ”  6,378,206.4  meters,  e^  “  6.7686580  > 
00169503765,  1  radian  =  206,264.8062  seconds,  1852  meters 


Spherical  Formulae  (see  Figure  16) 

cos  d  =  sin  sin  +  cos  cos  cos  A  A 

sin  A  =  (cos  sin  AA)/sin  d,  sin  B  =  (cos  ^isin  AA)/sin  d 

cot  A  =  (cos  tan  0  j-  sin  0i  cos  AA)/sin  AA 

cot  B  =  (cos  02  tan  0i  -  sin  02  cos  AA)/sin  AA 

sin  d  =  (cos  0i  sin  AA)/sin  B  =  (cos  02 sin  AA)/sin  A. 

The  Andoyer-Lambert  correction  [13]  for  distance  is: 


(73) 


d  +  3  sin  d 


(sin  01  -  sin  + 


d-3 


(sin  01  +  sin 


1  -  cos  d  1  +COS  d 

where  d  is  spherical  distance  from  (73)  and  s  =  a(d  +  Sd),  f  is  the  flattening,  f  =  (a  —  b)/a, 
where  a,  b  are  the  semiaxes  of  the  reference  ellipsoid  (a  is  the  radius  of  the  auxiliary  sphere). 

Now  (73)  and  (74)  are  essentially  the  same  as  used  for  several  years  in  Loran  computations 
except  for  the  conversion  to  parametric  latitudes  which  is  not  required  with  these  formulas. 

The  only  difference  in  the  appearance  of  the  formulas  is  in  the  term  3  sin  d  in  (74)  which  is 
simply  sin  d  in  the  formulae  for  parametric  latitude,  [14]. 

The  corrections  to  the  spherical  angles  A  and  B  as  given  by  (73)  to  get  geodesic  azimuths 
are,  [13] : 


(74) 


f 

CA _ 

-  d 

cos’02  sin  2B  - 

cos  ’0,  sin 

2a]  . 

On  = 

2 

-  sin  d 

f 

5B=- 

2 

cos  ’02 

d 

sin  2B  -  — ; — 
sin  d 

cos  ’0,  sin 

2a]  , 

(75) 


the  geodetic  azimuths  being  then 

oab  =  180°- A  +  5A,  cba  =180+B  +  SB. 

The  formulae  as  given  by  (73),  (74),  (75)  were  arranged  in  computing  forms  to  make  the 
check  computations  of  the  ACIC  chosen  lines.  Note  that  the  azimuths  as  given  in  the  ACIC 
publications  differ  by  180°  from  the  usual  geodetic  azimuths  and  the  forward  and  back  azimuths 
are  interchanged  from  the  conventions  used  in  the  check  computations.  The  lines  chosen  are 
shown  in  TABLE  1,  the  comparisons  are  given  in  TABLES  2  and  3,  while  the  actual  computations 
are  in  Appendix  2. 
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TABLE  1 


LINES  COMPUTED 


Line  No. 

Az. 

o 

Terminus 

Lat.  Long 

O  1  II  O  1  It 

O 

Origin 

Lat.  Long. 

I  no  t  II 

Distance 

Miles 

1 

45 

40 

18 

40 

30 

37.757 

17 

19  43.280 

50 

2 

90 

10 

18 

9 

59 

48.349 

16 

31  55.877 

100 

3 

90 

70 

18 

69 

48 

05.701 

9 

37  28.637 

200 

4 

45 

10 

18 

13 

04 

12.564 

14 

51  13.283 

300 

5 

45 

70 

18 

73 

35 

09.206 

3 

26  35.101 

400 

6 

90 

40 

18 

39 

37 

06.613 

8 

36  43.276 

500 

7 

45 

40 

18 

44 

54 

28.507 

10 

47  43.883 

500 

8 

45 

70N 

18W 

76 

00 

26.603N  28 

42  03.567E 

1000 

9 

90 

40N 

18W 

27 

49 

42.130N  32 

54  12.997E 

3000 

10 

45 

40N 

18W 

35 

18 

45.644N  10  2  0  2  29.370E 

6000 

11 

50 

43  03  19.6 

115  52  54.7 

18 

29 

57.9 

67 

07  30.3 

3000  n.m. 

12 

10 

33  56  03.5S 

18  28  41.4E 

55 

45 

19.5N 

37 

34  15.450E 

5500  n.m. 

1—10  From  ACIC  Reports  59  (page  39),  80  (page  23). 

11  Ramey  AFB  to  Mountain  Home  AFB,  AFAC— TN— 57— 53,  Astia  Document  135972,  1957 

12  Cape  of  Good  Hope  to  Moscow 


Comparison  With  True  Distances  and  Azimuths 


< 

CQ  < 

CO 

CO 

■“9  ^ 

f  s 

<N 

1<< 

oCQ  II 
cs 

1 

0 

0 

CQ 

00 

VO 

0 

2^ 

0 

10 

CO 

10 

0 

On 

10 

CQ 

l> 

10 

Ov 

0 

o\ 

c- 

i-H 

0 

0\ 

On 

1—1 

CQ 

VO 

u  ■< 

“ 

0\ 

0 

o\ 

OV 

0 

d 

o\ 

On 

d 

d 

VO 

2  CQ 

10 

0 

10 

10 

0 

0 

10 

10 

0 

0 

0 

E-i  "a 

• 

o\ 

0 

o\ 

Ov 

0 

Q 

On 

C7N 

0 

0 

0 

^  c> 

10 

0 

1/3 

10 

0 

0 

LO 

10 

0 

0 

1— 1 

0 

0 

On 

lO 

0 

0 

10 

1/3 

VO 

d 

CQ 

CQ 

CQ 

i> 

CQ 

00 

<N 

<N 

CQ 

CQ 

CQ 

CQ 

CQ 

CQ 

CQ 

CQ 

o\ 

CO 

VO 

o\ 

f— < 

CO 

CO 

CQ 

CQ 

O'! 

cq 

CQ 

0 

l> 

CQ 

CO 

rH 

C- 

C- 

no 

t> 

0 

0 

VO 

VO 

0 

CO 

00 

vq 

vq 

CQ 

0 

4-» 

“ 

cd 

c5 

0 

00 

Ov 

d 

cd 

On 

ON 

d 

t> 

s  < 

m 

0 

0 

10 

10 

0 

10 

1/3 

10 

0 

0 

ioCQ 

•• 

o\ 

0 

0 

o\ 

Ov 

0 

On 

On 

On 

0 

0 

1  « 

IC 

0 

0 

10 

10 

0 

10 

10 

10 

0 

CJ 

0 

0 

0 

0 

Tj* 

0\ 

10 

10 

t> 

CQ 

CQ 

i> 

CQ 

CQ 

VO 

CQ 

00 

O'! 

<N 

<N 

CQ 

CQ 

CQ 

CQ 

CQ 

CQ 

CQ 

CQ 

oa 

CQ 

CQ  <3 

0<  II 


%  03 

s  <  _ 


CQ 

0 

CO 

rH 

0 

§ 

CO 

CO 

0 

10 

0 

On 

CO 

VO 

0 

CQ 

CO 

VO 

10 

<7n 

vq 

0 

iH 

vq 

VO 

10 

CO 

CQ 

C- 

CQ 

nH 

l> 

rH 

VO 

iH 

s 

1/3 

CQ 

CQ 

1/3 

0 

0 

CO 

rH 

CQ 

CO 

VO 

1/3 

CQ 

t> 

0 

rH 

CQ 

10 

rj* 

CO 

CQ 

CQ 

fH 

10 

co 

U3 

0 

10 

10 

10 

CQ 

10 

10 

0 

t> 

t/3 

00 

VO 

On 

ON 

On 

00 

iH 

n}« 

On 

On 

U3 

On 

CO 

iH 

CO 

CO 

rH 

rH 

CO 

VO 

CQ 

CQ 

U3 

On 

CQ 

CO 

VO 

nj* 

CO 

0 

t> 

CO 

CO 

10 

On 

C^ 

rH 

10 

JH 

ON 

CO 

vq 

CO 

VO 

cq 

cq 

On 

d 

fH 

0 

VO 

CQ 

rH 

CQ 

1/3 

0 

0 

CO 

0 

rH 

CQ 

CO 

VO 

10 

CQ 

0 

0 

rH 

CQ 

1/3 

CO 

CQ 

CQ 

rH 

10 

CO 

lO 

0 

10 

U3 

10 

CQ 

U3 

10 

0 

C- 

lO 

CO 

VO 

On 

On 

ON 

CO 

iH 

On 

ON 

10 

ON 

CO 

tH 

CO 

CO 

rH 

rH 

iH 

INVESTIGATION  OF  HIGHER  ORDER  TERMS 
IN  ANDOYER-LAMBERT  APPROXIMATION 


While  either  form  of  Andoyer-Lambert  approximation  is  probably  satisfactory  in  the  “state 
of  the  art”  in  hyperbolic  navigational  systems  development,  the  question  arises  as  to  the  higher 
order  terms  in  the  flattening  of  the  Andoyer-Lambert  approximation  and  the  possibility  of  a  single 
set  of  formulae  which  will  give  distance  within  one  meter  and  azimuth  within  one  second  over  all 
geodetic  lines  on  the  spheroid.  This  would  be  a  practical  operational  system  particularly  if  it 
maintained  the  several  attributes  of  the  Andoyer-Lambert  first  order  approximation. 

HISTORICAL 

Now  Lambert,  [13],  never  published  his  derivation  but  had  equivalent  formulae  for  a  first 
order  approximation  several  years  before  the  publication  posthumously  in  1932  of  Andoyer’s, 
sketch,  [15],  of  the  derivation  of  the  form  as  given  in  equation  (74).  Andoyer’s  derivation 
employs  a  differential  oblique  spherical  triangle  and  it  is  not  clear  how  one  would  proceed  to 
higher  order  terms  in  the  flattening.  It  is  believed  that  Andoyer’s  derivation  is  the  only 
recognized  published  one  in  existence. 

DERIVATION  FROM  THE  GREAT  ELLIPTIC  ARC 
Independent  derivations  of  the  Andoyer-Lambert  approximations  were  sought  in  the  hopes  of 
discovering  a  simple  method  of  arriving  at  higher  order  terms  in  the  flattening.  It  was  noticed 
that  the  computations  using  the  Andoyer-Lambert  approximations;  the  ratios  (d  -  sin  d)/(l  +  cos  d), 
(d  +  sin  d)/(l  -  cos  d)  were  being  used  in  forming  computational  parameters,  [16].  It  was  decided 
to  try  the  ratios 

(sin  6i  +  sin  0j)V(l  +  cos  d),(sin  0,  -  sin  0j)V(l  “  cos  d)  (76) 

with  the  hope  of  relating  these  to  other  parameters  and  identification  of  the  Andoyer-Lambert 
approximations  in  some  other  extant  series  expansion  as  the  great  elliptic  arc  approximation. 

See  equations  (19)  through  (42). 

From  equations  (42)  we  have 

sin  =  sin  do  cos  dj,  sin  =  sin  6o  cos  d,.  (77) 

From  (77),  by  simple  algebraic  operations  and  trigonometric  identities,  we  may  express 
(76)  as 

(sin  0,  +  sin  BiY/il  +  cos  d)  =  2  sin^0(,  cos^  /4(d,  +  dj) 

(sin  0,  -  sin  diY/il  -  cos  d)  =  2  sin^0o  sin  *K(d,  +  d,)  ,  (78) 
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(79) 


where  d  =  dj  -  dj. 

From  (78)  by  adding  and  subtracting  respective  members,  we  write 
(sin  0,  +  sin  d^Y  (sin  0i  -  sin  diY 


x=. 


Y  = 


1  +  cos  d 


1  -  cos  d 


■=  2[sin*0o] 


(sin  01  +  sin  d^Y  (sin  0i  -  sin  0j)* 


=  2[sin^0o  cos  (di  +  dj)], 


1  +  cos  d  1  -  cos  d 

where  d  =  dj  -  dj. 

The  Andoyer-Lambert  forms  can  now  be  written  in  terms  of  X  and  Y  of  (79)  as 
S  =  a[d  -  (f/4)  (Xd  -  Y  sin  d)], 

S  =  a[d  -  (f/4)  (Xd  -  3Y  sin  d)],  (80) 

where  in  the  second  equation,  the  geodetic  latitude,  is  used  in  forming  the  X  and  Y  of 
(79). 

If  in  the  expansion  of  the  great  elliptic  arc,  equation  (41),  we  place  d,  =  to  -d,,  and  then 
d  =  dj  -  d, ,  k  =  e  sin  6^ ,  we  obtain  as  far  as  sixth  order  terms  in  e: 


S  =  a  (d  -  54  e’  sin  ^0^  [d  -  sin  d  cos  (dj  +  dj)] 

-  (l/128)e^  sin  ■'00  [  6d  -  8  sin  d  cos  (d,  +  dj)  +  sin2d  cos  2(di  +  dj)] 

-  (l/1536)e*  sin*0o  [sOd  -  45  sin  d  cos  (d,  +  d,)  +9  sin  2d  cos  2(d,  +  dj) 

-  sin  3d  cos  3(di  +  dj)  . 


Using  relations  (79),  equation  (81)  can  be  written; 
d  -  (eV8)  (Xd  -  Y  sin  d) 

-  (eV512)  [(6d  -  sin  2d)  X^  -  8(sin  d)  XY  +  2(sin  2d)  Y*] 


(81) 


-  (eVl2,288) 


3(10d  -  3  sin  2d)  X’  -  3(15  sin  d  -  sin  3d)  X'Y 
+  18(sin  2d)  XY"  -  4(sin  3d)  Y" 


(82) 


Note  in  (82)  that  if  all  terms  above  the  first  power  in  f  are  ignored  (e"  “  2f)  equation  (82)  reduces 
directly  to  the  Andoyer-Lambert  form  as  given  by  the  first  of  (80).  Now  it  is  known  that  the 
difference  in  lengths  of  the  great  elliptic  arc  and  the  geodesic  is  of  4th  order  in  e,  [17],  but  the 
6th  order  term  will  be  useful  for  comparison  later  in  the  investigation. 

DERIVATION  FROM  MODIRED  DIFFERENTIAL  EQUATIONS 

The  corresponding  differential  triangles,  auxiliary  sphere,  spheroid,  where  geodetic  latitude 
has  been  converted  to  parametric  are,  as  abstracted  from  Figure  (20): 
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ocosc 


a(l-e^cos"0)‘/*  de 


and  since  a  =  a  (property  of  geodesics  on  surfaces  of  revolution,  i.  e.  r  sin  a  =t  sin  a„, 
r  =  a  cos  0),ds/aDSd=  a(l  -  e*  cos^0)‘^^  d0/ad0  =  (1  -  cos^dY^^,  which  may  be  written 
S  =  a(d  +  Sd)  =  a  j^d  +  1  -  e"  cosW^^  -  U  DSdj  . 

If  (83)  also  represents  the  equator,  then  Sd  =  0,  when  $  =  =  0.  Hence  we  add  to  the 

integrand  1  -  (1  -  e^  cos  ^d^Y^^  to  get 

S  =  a(d  +  Sd)  =  a|^d  +  /^^^[(l  -  e^  cos^  0)*/^  -  (1  -  e^  cos^0o)  DSd]  , 

and  we  note  that  when  0  =  0o  =  0>  Sd  =  0;  when  6  -6^,  s  =  d  =  Sd=  0;  when  0^  =  ff/2,  d,  =  0,, 
DSd  =  d0,  d  =  05-  0,  then  (84)  represents  the  meridian. 

Expanding  (84)  to  6th  order  terms  in  e,  find 


(83) 


(84) 


S 


d  -  (eV2)  (1  +  eV2  +  3eV8)  &  -  sin^0)D5d 

+  (eV8)  (1  +  3eV2)  f  ’(sin^0o  -  sin*0)  DSd 

'8i 

-  (e‘/16)  /  (sin *00  -  sin*0)  DSd 


(85) 


Now  from  (77),  sin  0  =  sin  do  cos  d. 


sin^0  =  sin’0o  cos^d  = 


Ul  +  cos  2d). 


(86) 


The  value  of  sin^0  from  (86)  placed  in  (85)  and  the  resulting  integrations  performed  with 
respect  to  d,  leads  to  expressions  in  powers  of  the  right  hand  quantities  in  (79)  so  that  (85) 
may  be  written  finally  as 
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S  =  a  d  -feV8)  (1  +  eV2  +  3eV8)  (Xd  -  Y  sin  d) 
-  (eV512)  (1  +  3eV2)  f-  (lOd  +  sin  2d) 


-  (eVl2,288) 


+  3eV2)  ”  (lOd  +  sin  2d)  X*  +  8(sin  d)  XY 

+  2{sin  2d)  Y^ 

3(22d  +  3  sin  2d)  X*  -  3(l5  sin  d  -  sin  3d)  X^Y 
-18{sin2d)XY^-4(sin3d)Y’ 


Again  if  all  terms  above  first  order  in  f  (e^  =  20  in  (87)  are  ignored  then  the  first  two  terms  of 
(87)  represent  the  Andoyer-Lambert  form  as  given  by  the  first  of  equations  (80). 

For  the  case  where  geographic  latitudes,  (j>,  are  not  first  converted  to  parametric,  but  are 
considered  spherical,  the  corresponding  differential  right  triangles  are; 


/great 

o  ’ 

circle 

% 

parallel 

a  cos  ^id  A 

geodesic 

_ parallel 

N  cos  ^dA 


We  have  for  the  approximation 
Rd0  =  ds  cos  ttg 

d^  _  i(j) 

or  Rd^  =  ds  -  placing  cos  a„  =  cos  =  -  • 

DSd  S  D5d 

ds  =  R  DSd  =  a(l  -  eO  (1  "  c'  sin  DSd.  (88) 

If  (88)  represents  the  equator,  then  when  ^  =  0,  ds  =  aDSd.  Hence  add  e^  cos^^o  to  the 
integrand  of  (88),  to  obtain 

(ds/a)  •=  [1  "  e^)  (1  -  e*  sin*^)"’"^^  +  e^  cos^^ol  DSd.  (89) 

Note  the  following  for  (89):  When  0  =  0o  =  ds  =  a  DSd;  when  =  7r/2,  DSd  =  d^, 
equation  (89)  will  represent  the  meridian. 

Expanding  (89)  to  6th  order  terms  in  e  get 

(ds/a)  =  Fl  +  (3/2)e"  sin^  +  (15/8)e"  sin^  +  (35/16)e'‘  sinV)  iDSd  (90) 

-  e^[l  +  (3/2)e^  sin^0  +  (15/8)e^  sin^^]  +  e^(l-sin^^o) 
which  may  be  written  in  the  integral  form 
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S  -  a  d  -  (eV2)  f  (2  sin  -  3  sin^)  D  8  d 

-  (3eV8)  jf sinV(4  -  5  sm^<h)  D8d 

di 

-  (5eVl6)^*^’  sin^<^(6  -  7  sin*^)  D8d 

From  (77),  with  0  replaced  by  we  have  sin^  =  (l  +  cos  2d),  and  with  the  aid  of 

trigonometric  identities  we  can  find  expressions  for  sin"^  and  sin®^,  i.e. 

.  ,  sin^^o  , 

sin*^  - -  (1  +  cos  2d), 

2 

.  sin®^o 

sin  (f>  =  — ^ —  (3  +  4  cos  2d  +  cos  4d),  (( 

.  sin*^o 

sin  - - (10  +  15  cos  2d  +  6  cos  4d  +  cos  6d). 

32 

The  values  of  sin  ^<f),  sin  *  <}>,  sin  from  (92)  placed  in  (91)  give  (i 

S  •=  a  [7-  (eV4)  sinVo  /  ^Ml  -  3  cos  2d)  DSd 


-  (3eV64) 


iV64)  sin  Vo  /  '  R 


(16  -  15  sinVo)  +  (16  -  20  sin  Vo)  cos  2d']  D8d 


-  5  sin  Vo  cos  4d 


-  (5e*/512)  sin  Vo  /  [T72  -  70  sin  Vo)  +  (96  -  105  sin  Vo)  cos  2d' 

+  (24  -  42  sin’^o)  cos  4d 
_  ~  7  sin  Vo  cos  6d 


Integration  of  (93)  with  respect  to  d  leads  to: 

S  =  a  d  -  (eV4)  i  d  [sin^^ol  -  3  sin  d  [sin’^o  cos  (d,  +  dj)]! 

-  (3e^/128)  32d  [sin^c^q]  -  30d  [sin Vo)  *  +  32  sin  d  [sin’i^io  cos  (dj  +  dj)] 

~  40  sin  d  [sin^c^q]  [sin’ cos  (d^  +  dj)] 

-  10  sin  2d  [sin  Vo  cos  (d,  +  dj)]’  +  5  sin  2d  [sin’ (^o]’ 

-  (5e®/1536)  216d  [sin’^q]’  -  210d  [sin’^o]  ’+  288  sin  d[sin’^o][sin’0ocos  (d,+  dj)] 

-315  sin  d[sin’^ql’  [sin’<^oCos(d,  +  d2)]  +  72  sin  2d[sin’^q cos(di+dj)]’ 
-126  sin  2d[sin’^ql[sin’0oCos(d,  +  d2)]’-36  sin  2d[sin’^o]’ 

+  63  sin  2d  [sin’^ol’-  28  sin  3d  [sin  ’^jCos  (d,  +  dj)]’ 

_+  21  sin  3d  [sin’^q]’  [sin’^o  cos  (d,  +  dj)] 
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(95) 


From  (79),  with  6  replaced  by  <f>,  we  have 

(sin  (f)i  +  sin  (sin  -  sin  ^j)* 

-  +  - 

1  +  cos  d  1  —  cos  d 

(sin  ^0  +  sin  (f)^^  (sin  -  sin  <^j)* 


X  = 


Y  = 


1  +  cos  d 


1  -  cos  d 


=  2[sin^^ol> 

=  2[sin*^o  cos  (di  +  dj)]  . 


Substituting  from  (95)  in  (94)  we  obtain  finally 


S  =  ; 


-  (3eV512) 

-  (5eVl2,288) 


d  -  (e78)  (Xd  -  3Y  sin  d) 

64(Xd  +  Y  sin  d)  +  (5  sin  2d  -  30d)  X" 

-  40  (sin  d)  XY  - 10  (sin  2d)  Y^ 

?432d  -  72  sin  2d)  X"  +  576  (sin  d)  XY  -  144  (sin  2d)  Y= 
+  (63  sin  2d  -  210  d)  X"  +  (21  sin  3d  -  315  sin  d)  X^Y 
L-  126  (sin  2d)  XY^  -  28(sin  3d)  Y’ 


(96) 


If,  in  (96),  we  place  e^  “  2f,  ignoring  all  terms  above  first  order  in  f,  one  obtains  the  second 
of  equations  (80),  or  the  Andoyer-Lambert  approximation  in  terms  of  geodetic  latitude,  <f). 

Now  the  Andoyer-Lambert  forms  can  be  obtained  from  other  modifications  of  differential 
equations.  For  instance  if  the  differential  for  arc  length  along  the  geodesic  is  taken  in  the  form, 

[8]  page  64, 

ds  =  (N’  cos^^/No  cos  <;6o)  d  A,  N  =  a/(l  -  e*  sin*^)*/^  (97) 

if  the  differential  of  arc  length  from  (84),  after  converting  to  geodetic  latitude  is  written 

ds  =  [(1  -  e  ^  sin=0)-‘/=  -  (1  -  e^  sin^o)"/^]  DSd;  (98) 

and  if  (97)  and  (98)  are  combined  with  the  relationship  dA  =  =  (sin  a^/cos  <f>)  D5d  =  (cos  ^o^cos*^)  DSd 
from  the  differential  right  triangles  above  with  6  replaced  by  c^,  one  can  write 
(ds/a)  =  DSd  +  (1  -  e^  sin^^  )'*  (1  -  e^  sin^^o)*^^-  1 

+  (1  -  e=)  ‘/^  Kl  -  e^  sin  (1  -  e  ^  sin  Vo)’’/*  1 

Expanding  the  expressions  in  (99)  to  first  order  terms  in  f,  e*  ■=  2f,  equation  (99)  can  be  written 
in  the  integral  form 


DSd 


(99) 


S  =  a[d-f  /  ^  (2  sin^0o  “  3  sin^(f>)  DSd]. 

Comparison  of  equations  (100)  and  (91)  (with  e’  "  2f)  shows  that  (100)  will  again  give  the 
second  of  equations  (80)  oi  the  Andoyer-Lambert  Approximation  in  terms  of  geodetic  latitude. 


(100) 


■v 
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DERIVATIONS  FROM  EXPANSIONS  OF  FORSYTH 
In  reviewing  the  literature  on  geodetic  computation  one  finds  that  A.  R.  Forsyth,  tl8],  as 
early  as  1895  had  given  some  series  expansions  for  geodetic  arc  length  in  terms  of  the  flattening 
and  certain  spherical  and  elliptic  parameters.  On  page  120  of  his  treatise  one  finds  the  expression 
Sij/a  =  V2-  %c{v2-  r'l')  +  (1/8) c(sin  2^2  -  sin  2vi)  .  (101) 

Now  the  correspondences  between  the  parameters  as  used  by  Forsyth  in  deriving  (101)  and 
those  used  above  in  this  investigation  are  to  first  order  in  f: 
i/j  —  d2,  1^2  “1^1“  dj  “  dj  —  d,  c  —  2f  sin  ^0, 

sin  2u2  -  sin  2v{=  sin  2d2  -  sin  2di  =  2  sin  (d^  -  dj  cos  (dj  +  dj)  =  2  sin  d  cos  (d,  +  dj) 
so  that  equation  (101)  becomes  equivalently 

S  =  ajd  -  (f/2)  {d[sin  ^6^  -  sin  d  [sin^^o  cos  (dj  +  dj)3}j, 
which  in  turn  by  means  of  relations  (79)  can  be  written  S  =  a[d  -  (f/4)  (Xd  -  Y  sin  d)] ,  and 
identified  as  the  first  Andoyer-Lambert  form  of  equations  (80). 

On  page  116  of  Forsyth’s  treatise  one  finds  the  expression 

Sij/a  =  V2-V1  +  ^  K3/4)  cos^  ao(sin  2i/j  -  sin  2v^  -  (/^)  (vj-  i^i)  cos^Oo ! 

+  {M)  iv2-  Vj)^  cos^Qosin’aosin  <j>2  sin  (^j'/sin  20o 

+  [(1/16)  cos^Oo  +  cos^flo  sin^Oo]  (102) 

*2  +  (3/8)  sin’ao  cos^ao  (sin  2<f>2  -  sin  2^,0 

-  (3/4)  cos^co  sin^Oo  (sin  2v2  -  sin  2v,) 

*1  +  (23/64)  cos  ^  Co  (sin  4r'j  -  sin  41/,) 

Now  the  equivalent  relationships  between  Forsyth’s  parameters  as  used  in  (102)  and  the  ones 
used  in  this  investigation  are: 

~  ^2  “  ^2>  1^1  “  ^2  “  ^  ^  ^2  “  02? 

2(^0  =  4‘i~  ^2“  4>\  =  K.  =  AA,  cos  ^2  =  cot  tan  0,=  cos  ^  cos  d,  sec 

sin  <p2  =  sin  d,  sec  cos  <^2'=  cot  ^0  tan  ^2  =  cos  ^0  cos  d2  sec  (103) 

sin  ^2^=  sin  d2  sec  <^2>  cos  i/j=  cos  d,=  sin  ^,/sin  <j)„, 

cos  1/2  =  cos  d2  =  sin  <^2/®*"  ^o»  00="^  —  ^o>  the  relationship  sin  a  0  sin  (v2  -  h) 

=  cos  Ij  cos  Ij  sin  2^^  given  on  pages  106,  121  of  Forsyth,  [18], 
becomes  cos  sin  d  =  cos  cos  sin  A  A  in  the  notation  of  this  investigation. 
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Assurance  that  Forsyth’s  oq  is  the  complement  of  the  geodetic  latitude,  of  the  great 
elliptic  arc  is  found  from  his  expression,  [18]  page  106,  which  is 
tan  Oo  =  sin  2  { (tan  Ij  +  tan  Ij)*  “  4  tan  1,  tan  cos^^o 

With  equivalent  substitutions  from  (103)  and  some  trigonometric  identities  it  will  transform  into 
tan  =  (tan  ^  +  tan  ^  -  2  tan  tan  cos  A  X)  / sin  A  A 

which  defines  the  vertex  of  the  great  elliptic  arc.  See  equations  (21)  of  this  investigation. 

A  cursory  check  of  the  equations  just  preceding  (102)  in  Forsyth’s  treatise  revealed  that 
the  numerical  coefficient  of  the  second  order  term*l  in  (102)  should  be  15/64  instead  of  23/64. 
Then  by  use  of  relations  (103)  and  (95)  it  was  found  that  (102)  could  be  written  as 


S  =  a 


d  -  (f/4)  (Xd  -  3Y  sin  d) 

+  (fVl28)  (AX  -  BY  -  CX"  +  DY^  +  EXY  +  FX*Y  +  GX") 


(104) 


where  A  =  64d  +  16d*  cot  d,  B  =  96  sin  d  +  16  d*  esc  d  -  48  sin^AA  esc  d,  C  =  30d  +  15  sin  2d 
+  8d^  cot  d  +  12  sin  ^AAcot  d,  D  =  30  sin  2d,  E  “  48  sin  d  +  8d^  esc  d  -  36  sin^AA  esc  d, 

F  =  6  sin^AA  CSC  d,  G  =  6  sin ’A  A  cot  d. 

Note  that  the  first  two  terms  of  (104)  are  exactly  the  Andoyer-Lambert  form  given  by  the 
second  of  equations  (80).  But  we  apparently  also  have  the  second  order  term  in  the  flattening. 
Thus,  Forsyth  had  both  so-called  Andoyer-Lambert  approximation  forms  as  early  as  1895  but 
they  had  not  been  recognized  as  such. 

Equation  (104)  was  used  to  compute  several  lines  of  known  lengths.  On  those  in  which  the 
term  *2  of  (102)  was  small,  an  improvement  would  be  obtained  by  including  the  second  order 
terms.  On  others,  the  error  introduced  would  outweigh  the  first  order  correction,  which  could 
mean,  since  equation  (104)  is  a  power  series  in  f,  that  the  coefficient  of  the  second  order  term  in 
f  is  erroneous.  Now  examination  of  the  second  order  terms  of  equations  (82)  and  (96)  shows  no 
cubic  terms  in  X  and  Y  as  are  found  in  the  second  order  term  of  (104).  Hence  Forsyth’s  paper 
[18],  was  reworked  from  the  beginning  and  it  was  found  that  indeed  the  term  *2  in  (102)  actually 
vanishes  and  reaffirmation  was  also  made  that  the  numerical  coefficient  of  the  term  *1  of  (102) 
should  be  15/64  rather  than  23/64.  These  errors  are  the  result  of  carrying  throughout  the 
derivation  the  numerical  factor  9/32  in  the  last  term  of  the  expression  for  S,  [18],  section  17, 
page  98,  when  it  should  be  3/32.  This  affects  the  approximation  equation  for  tan  0,  section  22, 
page  104.  In  the  last  term,  the  factor  -7  sin  should  be  +5  sin  *a.  This  continues  to  be  reflected 
through  section  27,  pages  111  to  115,  until  the  term  is  actually  seen  to  vanish  in  collecting  the 
terms  together  on  page  115.  Also  on  page  115,  omission  of  a  factor  H  in  use  of  a  trigonometric 
identity  in  the  third  line  from  the  bottom  gave  the  printed  value  M  for  the  numerical  coefficient  of 
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cos  ■’oq  sin  iv  when  it  should  be  1/8.  This  leads  in  turn  to  the  printed  value  23/64  as  given  on 
page  116  when  it  should  be  15/64. 

After  the  two  errors  in  Forsyth’s  second  order  term  in  f  had  been  detected,  two  papers  were 
found  which  are  concerned  with  the  Forsyth  derivation,  Wassef  1948,  [19],  and  Gougenheim  1950, 
[20].  Wassef  purports  to  give  the  corrected  version  of  Forsyth’s  second  order  term  but  he  includes 
the  term  *2  in  (102)  and  he  gives  15/23  for  the  numerical  coefficient  of  *1  in  (102).  Hence  Wassef’ s 
results  are  erroneous  and  useless.  Gougenheim,  unaware  of  Forsyth’s  work,  had  developed  his 
formulae  Independently  and  he  has  the  term  *2  in  (102)  missing  in  his  derivation  and  the  correct 
numerical  coefficient  15/64  for  *1  of  (102).  His  formula  for  the  second  order  term  is  (in  the 
notation  of  Forsyth) 

(105) 

cos^Co  sin^flo  +  (1/16)  (vj  -  v',)  (cos^aj,  +  15  cos^Oosin^Oo) 

cot  i/j-  cot  l/j 

-  (3/4)  cos^ao  sin^flo  (sin  2u2  —  sin  2v,) 

+  (15/64)  cos^Co  (sin  4i/2  -  sin  4i/,  ) 


-(1/2) 


(i/j  -  viY 


Since  the  last  two  terms  of  (105)  are  the  same  as  the  last  two  of  (102),  as  corrected,  we  have 
only  to  show  that 

(1/16)  cos^Oo  +  cos^Co  sin  s  (1/16)  (cos^ao  +  15  cos^oo  sin*ao)> 

(106) 

l/(cot  I/,  -  cot  Uj)  =  (sin  oo  sin  ^/sin  ^j')/sin  2^o* 

Writing  the  right  member  of  the  first  of  (106)  as 

(1/16)  cos^co  +  (15/16)  cos^oo  sin^Co  +  (1/16)  cos^oo  “(1/16)  cos^Oo  (1  ~  sin^Co) 

=  (1/16)  cos^Co  +  (1/16)  cos^oo  +  (15/16)  cos^oo  sin 
-  (1/16)  cos^Oo  *  (1/16)  cos^a,  sin^ap 
s  (1/16)  cos^flo  cos^Co  sin’co. 

From  relations  (103)  we  have 

sin  Co  sin  (vj  -  i/,)  =  cos  1,  cos  Ij  sin  20o  or 
sin  ag  cos  1,  cos  Ij 

sin  2</>o  sin  {uj  -  v,)  (107) 

sin  Oo  sin  sin  (f)2 
sin 


cos  I,  sin  <j)  \  •  cos  Ij  sin  ^2 
sin  i/jcosi’,  —  cos  i/j  sin  i/, 


cos  sin  (p, 
sin  i/j 


cos  I2  sin  02 
sin  1^2 


cot  i/j  -  cot  U2 
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From  pages  111,  117  of  Forsyth  find: 
tan  ^I'sin  Cq  =  tan  i/j,  cos  ^,'’=  tan  oo  tan  Ij,  cos  i/j  cos  Uo  =  sin  Ij, 
tan  sin  ao=  tan  i/j,  cos  (f>2  =  tan  Oo  tan  Ij,  cos  i/j  cos  Oo  -  sin  Ij, 
whence 


cos  I,  sin  <f)2 


cos  I2  sin  ^2 


sin  V2 


cos  1^1  cos  Oq 


cos  Vj  cos  tto 


The  values  from  (108)  placed  in  (107)  prove  the  second  of  (106)  and  thus  Gougenheim’s  paper 
provides  an  independent  check  of  the  corrections  given  here  to  Forsyth’s  second  order  term. 
Gougenheim  also  gave  formulae  for  azimuths,  convergence  of  the  meridians,  and  difference  in 
longitude  between  the  spheroidal  and  spherical  (elliptical)  vertices  of  geodesics  in  terms  of  the 
same  variables.  The  importance  of  Gougenheim’s  work  has  not  been  recognized.  He  has  had  a 
correct  expansion  including  the  second  order  term  in  the  flattening,  in  print  since  1950. 

THE  FORSYTH-ANDOYER-LAMBERT  TYPE  APPROXIMATION  IN  GEODETIC  LATITUDE  WITH 
SECOND  ORDER  TERMS 

With  the  corrections  to  (102),  i.e.  with  the  numerical  coefficient  of  *1  as  15/64  and  the  term 
*2  omitted,  equation  (102)  may  be  written,  with  relations  (103)  and  (95),  as 

S  -  a[d  -  (f/4)  (Xd  -  3Y  sin  d  )  +  (fVl28)  (AX  +  BY  +  CX*  +  DXY  +  EY^)],  (109) 

where  a,  f  are  the  semimajor  axis  and  flattening  of  the  reference  ellipsoid;  d  is  the  spherical 
distance  between  the  points  P,  (<;6i,  Aj,),  Pj  (^2,  A2)  on  the  ellipsoid  given  by  some  spherical 
formula  as  cos  d  =  sin  sin  <^j  +  cos  cos  ^2  cos  A  A;  ^  is  geodetic  latitude,  A  is  longitude, 

AA  =  A2  -  Aj ;  A  =  64d  +  16d^  cot  d,  D  -  48  sin  d  +  8d'  esc  d,  B  -  -  2D,  E  “  30  sin  2d, 


C  “  -  (30d  +  8d’  cot  d  +  E/2),  X 


(sin  +  sin  (sin  0,  -  sin  (^j)^ 


1  +  cos  d 


1  -  cos  d 


(sin  +  sin  ^2)^  (s'”  4>i  ~ 


1  +  cos  d 


1  -  cos  d 


;  d  “  d2  '  d,,  -here  d,  and  d2  are  spherical  distances 


from  the  vertex  of  the  great  elliptic  arc  to  the  points  P,  (^, ,  A,),  P2  (02  >  ^2)* 

Now  by  factoring  sin  d  out  of  every  term  of  (109)  and  using  the  azimuth  formulae  as  given  by 
Lambert,  [13],  we  can,  by  means  of  trigonometric  identities,  arrange  equations  (109)  in  a  form 
more  convenient  for  computing  as  follows: 
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Given  on  the  reference  ellipsoid  the  points  Pj  Ai),  Pj  Aj),  <f)  is  geodetic  latitude, 

A  is  longitude,  Pj  is  west  of  P,  with  west  longitudes  considered  positive. 

With  4,^  =  (1/2)  (<^1  +  <^j),  ^4>^  =  (1/2)  {4^  -  4,),  AA=  A,  -  Ai,  AA^=  (1/2)  AA; 

Let:  k  =  sin  4jn  cos  ^4m’  ^  ~  ^m’ 

H  =  cos  ^A4j^  -  sin  ^4^^  =  cos  "96^  -  sin  ^A4^  , 

L  =  sin  ^A4jf^  +  H  sin  ^AAjj^  =  sin*(d/2),  1  -  L  =  cos*(d/2),  cos  d  =  1  -  2L,  t  =  sin  ■‘d=4L(l-L), 
U  =  2kV(l  -  L),  V  =  2KVL,  X  =  U  +  V,  Y  =  U  -  V, 

T  =  d/sin  d  =  1  +(t/6)  +  3(tV40)  +  5(tVll2)  +35(tVll52)  +  63  (tV2816)  + . , 

E  =  30  cos  d,  A  =  4T  (8  +  TE/15),  D  =  4(6  +  T"),  B  =  -  2D,  C  =  T  -  K2(A  +  E),  (110) 

S  =  a  sin  d  [T  -  (f/4)  (TX  -  3Y)  +  (fV64)  { X(A  +  CX)  +  Y  (B  +  EY)  +  DXY }] ; 

sin  (oj  +  Oj)  =  (K  sin  AA)/L,  sin  (oj  -  Oi)  =  (k  sin  AA)/(1  -  L) 

(K)  (Saj  +  Soi)  =  -  (f/2)  H  (T  +  l)sin(aj  +ai),(/^)(5aj-Sai)=  -(f/2)H(T-l)sin(a2-ai), 

^  Sdi  ,  Uj.i  “  CI2  BcL2  • 

Note  that  the  quantities  H,  T,  L,  k,  K  enter  into  both  distance  and  azimuth  formulas. 

Figure  (21)  shows  an  arrangement  of  equations  (110)  for  desk  computing  using  an  ordinary 
ten  bank  electrip  desk  calculator  and  Peters  eight  place  tables  of  trigonometric  functions.  It 
is  arranged  to  show  the  contribution  of  both  the  first  and  second  order  terms  in  the  flattening. 

Table  4  summarizes  the  results  of  computations  over  17  lines  of  known  lengths  and 
azimuths.  The  computations  are  given  in  Appendix  3.  Part  of  these  lines  were  used  in  the 
computations  of  Appendix  2.  The  first  11  lines  are  from  two  ACIC  publications  [12],  lines  12 
through  17  are  Coast  and  Geodetic  Survey  specially  computed  lines,  [22]. 

Note  that  all  distances  are  within  one  meter  and  azimuths  are  within  one  second  which 
was  the  objective  since  this  is  adequate  for  any  operational  requirement.  Other  advantages 
are  (1)  no  conversion  to  parametric  latitudes,  (2)  no  square  root  calculation,  (3)  for  desk 
computers  the  only  tabular  data  required  is  a  table  of  the  natural  trigonometric  functions  as 
Peters  eight  place  tables,  (4)  the  formulas  are  adaptable  to  high  speed  computers,  (5)  about 
the  same  accuracy  is  obtained  over  all  lines  in  all  azimuths  and  latitudes. 

EXPANSION  TO  SECOND  ORDER  TERMS  IN  f  USING  PARAMETRIC  LATITUDE 

Foroyth  [18],  gave  an  expansion  of  the  geodesic  to  first  order  in  the  elliptic  modulus 
c  =  (e^  cos^a)/(l  -  e^  sin^a)  where  a  is  the  complement  of  the  parametric  latitude  of  the  vertex 
of  the  geodesic.  (See  pages  118-120  of  his  treatise).  We  will  follow  the  Forsyth  method  and 
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DISTANCE  COMPUTING  FORM,  FORSYTH-ANDOYER-LAMBERT 
TYPE  APPROXIMATION  WITH  SECOND  ORDER  TERMS 

(No  conversion  to  parametric  latitudes) 

Clarke  Spheroid  1866,  a  =  6,378,206.4  meters 
f/2  =  0.00169503765,  f/4  =  0.000847518825,  fV64  =  0.1795720390  x  lO"* 
1  radian  =  206,264.8062  seconds 

I  l>  0  1 


<^1  6  Z^-0  1.  P/9Ay/}A1/9 

ZG  06.0  2.  _ 

o  /  ^ 

2.  Always  west  of  1. 


A.  79  -5/ 


aa=a,-a,  78  27  09.0 

AAjjj=  VoK\39  /3 

7-.spyrs^os 


^  /08^3m  '  O';royr<'0^o 

cos  cos 

k  =  sin  0^  cos  A,^^  72 -  ^  ^  ^j^./a^pys963 

H  =  cos  "A^i^  -  sin"  <;6„  =  cos  -  sin"A<^„  9/9^39650  \  -  L  620d’2ra3 

"m  ”m  ”m  "m  ~~  ~~  ~  ~ 

L=sin"A<^  +Hsin"AA„  .S/y^T'^yT _  cos  d  =  1  -  2L 

”m  m 

/.327J4288S  .970S/729  t  =  d/sin  d  + 

\\^^\.^!{y-\>i-^-2/9ay^SZ6  V ^ 9nr" /T . E  30  cos  d  ■’^yy-3/6698 
x=u+v  Y=u-V  '^•j^i^^29Qy  j)  „  4(g  -/-y/ / 

A =4T(8 + v^n?.'\'k4l272780S  c =t - '/((a+e) -2^.78433/8^  b=  -2D  "^2 
x{kji.cx\-/J/ 92738232/  vm4.FYi  73823  dyv  /’ 7*4^3 727/^^/^ 

(ty-3Y^  7828 C _  3f  ^ _ (f/4)  (TX-3Y)  9o7Z 8 K/O 

T  +  5f  ..i'  (35 <o77 3 2^0 _  S.=a  sin  d(T  +  5D  -K  ‘773^^2322^  meters 

2  =  X(A  +  CX)  +  Y(B + EY)  +  DXY./<^.?. ^(>SS TiSTS'  5p=+(fV64)2  73.7:>/Z^  X /O 
T+5f  +5f"  -T-/-  33,772.^33,  _  $2  =  3  sin  d{T+5f  +  5f")  3.4iC..^2f 9/  .  meters 


S2  =  a  sin  d{T  +  5f  +  5f") 


*  //  meters 

'4l'  /99f7 


sin(o,-t.».l  =  (KsinAA'i/T,  270  3/<i>0/  a,  +  a,  373°  4l'  /99f7 

sin  foj-»i')=(k  sin  AAi/n  -I y/"'  2Z2  Oj-a,  /33  ^1  37,  /^/ 

!4(5a.  +  ha^  =- (f/2)  H (T  + 1) s in (a^  +  a,)  “  9.  9/3 093/2710'''^ Sa^  -  .  7(>/ 92/734-  K/Q”^ 

!4  (Sttj-  Soj)  =-  (f/2)  H  (T  - 1)  s in  (oj  -  a.)  3S?7a7fxfc-'^  5a, -72337^83292X10'^ 


_ s5X_ 

o'5'.o/a' 

57.  7^0 

- 

377 

/3.2SP 

a,_2  =  Cl  +  5a, 


02  2CS _ 3l  23* /7/) 

Sa,= _ 3  /'f.4U 

..  Z4>S  87  /0'773 

02—,  “  O2  3ct2 


Figure  21. 
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TABLE  4 

Summary  of  Computations 

Approx. 

No.  Lat.  Az. 

True 

Length 

Computed  Length 

S,(5f)  S,(5n  S.-S  S, -S 

True 

Azimuths 

Computed 

Azimuths 

o  o 

S(Meters) 

Meters  Meters  Meters  Meters 

O  f  II 

O  1  II 

■ 


40  45  80,466.49  67.25  67.02  +  0.76  +  0.53 


2  10  90  160,932.96  32.99  32.96  +  0.03  0.0 


3  70  90  321,865.91  62.98  65.64  -  2.93  -  0.27 


4  10  45  482,798.87  94.74  99.23  -  4.13  +  0.36 


5  70  45  643,732.43  27.96  32.44  -  4.47  +  0.01 


6  10  90  804,664.78  65.22  65.10  +  0.44  +  0.32 


40  45  804,664.77  66.62  64.75  +  1.95  -  0.02 


8 

70 

45 

1,609,329.06 

9 

40 

90 

4,827,984.25 

40 

45 

9,655,969.75 

11 

70 

90 

9,655,977.15 

12 

70 

95 

600,000.00 

13 

60 

50 

900,000.00 

14 

25 

50 

979,251.25 

15 

60 

35 

1,232,647.21 

16 

20 

70 

8,466,621.01 

17 

55 

15 

10,102,069.06 

599,  6 

995.26  0 


900,  900, 


BflCT 


45  26  01.69 


224  59  59.997 


90  15  17.48 


270  0  0 


97  52  01.06 


269  59  59.95 


45  37  46.11 


224  59  59.73 


58  50  31.60 


225  00  00.15 


91  16  14.93 


270  0  0 


49  52  15.53 


224  59  59.99 


89  55  22.83 


224  59  59.96 


119  54  41.26 


270  00  00.12 


138  23  42.76 


225  00  00.28 


159  54  37.21 


270  00  00.02 


260  17  09.79 


95  0  0 


50  0  0 


221  03  33.54 


128  33  08.34 


305  38  13.25 


35  16  34.25 


207  08  33.82 


109  57  17.41 


265  37  10.59 


15  48  17.67 


190  39  32.21 


00.44 


58.76 


17.51 


00.02 


01.11 


270  00  00.03 


44.97 


58.63 


31.30 


224  59  59.86 


14.87 


269  59  59.98 


14.35 


58.83 


22.64 


59.83 


41.40 


269  59  59.61 


42.39 


00.67 


37.78 


00.81 


09.78 


94  59  59.93 


49  59  59.20 


32.73 
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extend  the  results  to  second  order  in  c  and  subsequently  to  second  order  in  f  since  c  can  be 
expressed  as  a  series  in  f. 

The  quantities  needed  to  achieve  the  approximation  are  found  in  or  derived  from  the  results 
of  Forsyth’s  work,  pages  86,  97—105.  We  list  them  here  for  reference  in  the  development. 

tj>  +'^u''sec  a  tan  a  [1  +•§-(!  -  6  tan^a)] 

2  o 

u'=i/'+cU  +  c^V 

0  =  <^'+  cfl  +  c'W 

a  =  Oo  +  cA  cot  Oo  +  c*B 

c^ 

cn  u  =  cos  u '  { 1  -  %c  sin^u' - sin^u  '(7  +  4  cos^uOi 


111a 

111b 

111c 

11  Id 
llle 


c  =  (e^  cos^a)/(l  -  e^  sin^a),  e^  =  2f  -  F,  e^  =  4F 

c  =  2f  cos^a  +  F  cos^a  (3-4  cos^a)  11  If 

cos  0  =  cn  u  cos  a  lUg 

tan  $  =  tan  u'  esc  a  [1  +  /^c  +  (1/64)  c^  (9  “  2  sin  V'’—  4  tan  ^Oo)]  lllh 

-=(l-e^sin^a)‘/^E(u) 

a 

=  u'  +  — [sin  2u'- (1  +  2  tan^a)  u']  llli 

4 

+  —  [sin  4u'  +  4  sin  2u'(l  -  2  tan  ^a)  +  { 8  tan^a  (1  +  3  tan*a)  -  3!  u'] 

64 

sin  a  =  sin  ao[l  +  c  A  cot^aj  +  c^  cot  (B  -  A*  cot  Oo)]  Hlj 

cos  a  =  cos  Oo  [1  -  c  A  -  c^  tan  Og  (B  +  coFog  )]  1111« 

tan  a  =  tan  Og  [1  +  c  A  esc  ’og  +  c^  csc^Og  (A^  +  B  tanog)]  111m 

sec  a  =  sec  Og  [1  +  c  A  +  c^  tanwg  (B  +  A^  cot  og  { 1  +  KcoFogl)]  llln 

CSC  a  =  CSC  flg  [  1  -  c  A  cot*  Og  -  c^  cot  Og  i  B  -  l^A^  cot  og  (1  +  2  cot*ag) }]  lllo 

sin  u^=  sin  i/^[l  +  c  U  cot  v' +  c*  (V  cot  v' —  UV2)]  11  Ip 

cos  u '=  cos  i^'[l  -  c  U  tan  v' -  c*  (V  tan  u'+  UV2)]  lllq 

tan  u'=  tan  u'+  c  U  sec*  1^'+  c*  sec*  v''(V  +  U*  tarn/')  lllr 

sin  2u'=  sin  2v'(l  +  2c  U  cot  2u')  (to  first  order  in  c) 

tan  tan  i/'  esc  Og ,  1  +  tan* i/'  esc  *ug  =  sec  *^'  Ills 

U  =  -  (A  cot  iy'+  (1/8)  sin  2zv'),  A  =  -  (i''/2)  tan  *ag  tan  i/' 

lilt 

n  +  (p' V2)  sin  ogsec  *ag  =  -  A  esc *Og  cot  (/>' 
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In  these  formulas,  is  the  complement  of  the  parametric  latitude  of  the  vertex  of  the  great 
elliptic  arc.  To  see  this,  find  on  page  119  of  Forsyth,  the  expression 
sin  Oo  =  (tan  ^o)/[(p  sec  1)  (p'sec  ^<f)o  +  1)]‘^% 
where  p  =  sin^  +  d^/  sin  0,  sin  0^ 
p'  =  cos^  /4(0,  +  02)/sin  0,  sin  0j 

Now  replace  Forsyth’s  0i  and  by  90  -  0„  90  -  0j  respectively  and  his  by  A  A/2. 
Then  find: 

tan  (f)o  =  tan  (AA/2)  =  (1  -  cos  A  A)/  sin  AA 

p  sec  ^^0  -  1  =  [(1  -  cos  AA)/sin^AA]  (1  +  sec  0,  sec  0j  -  tan  0^  tan  0^)  -  1 

p'sec  ^^0  +  1  =  [(1  -  cos  AA)/sin  ^  AA]  (-  1  +  sec  0,  sec  0j  +  tan  6^  tan  0j)  +  1 

The  values  from  (113)  placed  in  (112)  give 

sin  Oo  =  sin  AA/(tan^0j  +  tan  ^0^  -  2  tan  0,  tan  0^  cos  A  A  +  sin  ^  A  A)’/^ 

Now  the  right  member  of  (114)  is  cos  0o  where  do  is  the  parametric  latitude  of  the  vertex 

of  the  great  elliptic  arc  [17]  .  (See  also  GEODESICS  AND  PLANE  ARCS  ON  AN  OBLATE 

SPHEROID,  L.  E.  Ward,  American  Mathematical  Monthly,  Aug.-Sept.,  1943  page  427). 

From  111a,  111b,  111c,  111m,  llln  we  have,  retaining  terms  to  c^  inclusive: 

$  =  c  (fl  +  —  sec  a  0  tan  ao) 

2 

+  cUW  +  H  sec  ao  tan  ColU  +  Av'(l  +  csc’oo)  +  (1/8)  v'(l  -  6  tan’  Oo)}] 

If  R,  S  are  the  coefficients  respectively  of  c  and  c^  in  (115),  then 
tan  $  =  tan  ^'+  c  sec  ^0'  R  +  c’  sec^0'(S  +  R’  tan  (f>') 

With  the  values  of  R  and  S  from  (115)  and  the  values  of  0  +  (i/'/2)  sec  Ootan  Ooand  U 
from  lilt,  cot  ^'from  Ills,  we  can  write  (116)  as 
tan  $  =  tan  -  c  A  cot  i/ '  esc  a  o  sec  ’  ' 

+  c^sec^i^'  V  +  A’  coti/'csc’oo 

+  sin  aosec’oo  Ati/'d  +  csc’co)  -  cot  v'] 

A 

-  (1/8)  sin  2j/'+—  (1-6  tan  ’oo) 


From  lllh,  lllo,  lllr  we  write  a  second  formula  for  tan  $; 
tan  $  =  tan  y'csc  Og  -  cA  (esc  V'+  cot^flo)  ta”  v'ese 


+  c  tan  u  CSC 


V  sec  v'ese  u'—  B  cot  Oo  +  (9/64)  +(1/32)  sinV^ 

+  -(2-  eseV')  —  (1/16)  sec^flo 
4 

+  (csc^r-'csc^flo  +  cofoo  +  ^  cot^Oo) 


(118) 


From  lllg,  llle,  111k,  lllp,  lllq,  lilt  we  can  write: 


cos  0  =  cos  Og  cos  i/'  +  c  •  0 


(119) 


+  c  cos  On  cos  1/ 


—  COS  2  I/'-  V  tan  t/'-  (5/64)  sinV'-(3/32)  sin'*:/' 

4 

-  B  tan  dg  -  (1  +  ^A  cot^og  +  ¥2  cot^v') 

Now  in  (119),  the  coefficient  of  c  was  2ero  as  it  should  be  and  the  coefficient  of  c^  must 
be  zero  since  cos  6  =  cos  Og  cos  v' .  Placing  the  coefficient  of  c^  in  (119)  equal  to  zero  find: 

-  B  cot  ao  =  A^(l  +  Vo  cot^  ag  +  y2  col^v')  cot^a* - cos  2v'  cot^Oo 

4 

+  V  tan  i/'cot^ao  +  (5/64)  sinV'cot^ao  +  (3/32)  sin^i/'cot^Oo 

With  the  value  of  -  B  cot  ag  from  (120)  placed  in  the  second  order  term  of  (118)  and  with 
some  manipulation  through  the  identities  Ills,  we  can  write  (118)  as: 
tan  $  =  tan  v'ese  Qo  ~  ^  A  cot  r''csc  ag  sec^<f>' 

+  c^  CSC  Qg  sec^^'/ fii  cot  ^''’(l  +  (3/2)  cot^Oo)  +  V 

+  —  (sin  2  u'-  cot  I/')  +  (1/16)  sin  2u' 

4 

.  -  (3/256)  sin  4i>''—  (1/32)  sin  2u'  tan  ^ag 


(120) 


(121) 


From  (117)  and  (121),  since  tan  <^'=  tan  i/'csc  Og  from  Ills,  the  coefficients  of  the  terms 
in  c  and  c^  must  be  respeceively  equal.  Equating  the  second  order  terms  in  (117)  and  (121)  and 
solving  for  V  we  find: 


V  =  ^  sin  Oo  -  VjA^  cot  u'  cot 

A 

+  —  [  2i/' tan  ^Ood  +  csc^Go)  -  sin  2i/'+  cot  i/'(l  -  2  tan  ^Oq)] 

4 

/  sin  2i/^  3  sin  Au'  tan  ^Go  sin  2v' 


(122) 


+  —  tan^  G  (1  -  6  tan*  a  ) - +  - 

16  16  256 


32 


From  llli,  mb,  111m,  lllp,  lllq,  the  value  of  U  in  terms  of  A  from  lilt,  and  V  from 
(122)  we  may  write: 
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(123) 


—  =  i/'+ c  [(1/8)  sin  21/'- A  cotv'—  —  (1  +  2  tan^ao)] 
a  4 


+  1  'P  sin  ag-Uff  001*000011/'+ —  (sin  2i/'- 2i/') 

4 


+  (1/256)  [8  sin  2i/'(l  -  3  tan^Oo)  -  sin  4v']  +  (3/64)  i/'(4  tan^Oo  -  1)  J 
Referring  (123)  to  the  end  points  of  the  geodesio  arc  we  have: 

—  =  (i/j'-  i/j')  +  0  [(1/8)  (sin  2v2  -  sin  2vi)  -  A  (cot  vz-  cot  v^)  -  /^(i/2'-i/[)(l+2tan*ao)] 

a 


+  c" 


A*  cot^Oo  (cot  i/j'- cot  t't')  +  — [(sin  21/2'- sin  2t/i')  -  2(1/4- i/[)]  I  (124) 

4 

+  (1/256)  [8  (1  -  3  tan^oo)  (sin  2i/2'-sin  2i/,')  -  (sin  4v2-  sin  4vi)] 

+  (3/ 64)  {vz  -  Vi )  (4  tan  *ao  —  1) 

Note  that  the  term  W  sin  Oo  vanishes  in  (124). 

From  lilt  we  have  from  the  expression  fotA  that: 

-  A  (cot  Vi' -  cot  i/i' )  - -  (vz-Vi),  (125) 

2 

A  =  /iivz'-  Vi)  tan*ao[cot  (vz-  ^t)  -  esc  {vz-  v()  cos  (v,'+  V2')] 

We  list  also  for  reference  the  identities: 

sin  2^2'-  sin  2vi'  =  2  sin  (vz  -  v^)  cos  (v,'  +  Vj) ,  (126) 

sin  4^2'  -  sin  4vi'  =  2  sin  2(^2'-  v^)  [2  cos*(vi'+  Vz)  -  l] 

Applying  (125)  and  (126)  to  (124)  we  obtain: 

—  =  {vz  -  Vi')-(c/4)  [(^2'-  Vi')-sin(v2'-  Vi)  cos  (v,'+  v'z)]  (127) 

a 

—  sin(v2'-v,')cos(v[+  Vz)-—  ivz  -  i/,')+(3/64)  {vz-v^)  {itan^a^-  1) 

2  4 

+  (1/16)  (1-3  tan  *ao)  sin  {vj-  v{)  cos  (vj'+  V2') 

1_  -  (1/128)  sin  2  (vj  -  Vi')  [2  cos*(vi'+  V2')  -  1] 

Note  that  the  first  two  terms  of  (127)  are  equivalent  to  Forsyth’s  equation,  page  120  of 

lis  treatise. 

Now  for  the  value  of  c,  we  find  on  page  97  of  Forsyth,  that  for  approximations  involving 
*  (second  order  in  the  flattening)  a  value  of  a  that  is  accurate  up  to  f  inclusive  must  be 
ubstituted  in  the  first  term  of  c.  Hence  from  llld,  lllf,  111k  we  have 

c  =  2f  cos*  Co  +  3f*cos*ao  -  4f*cos^ao  (1  +  2A)  .  (128) 

This  value  of  c  placed  in  (127)  with  the  value  of  A  from  (125)  gives: 


+c‘ 
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(129) 


—  =  (uj-  t'l’)  -  (f/2)  cos^a^  [(i/j-  v,')  -  sin  {v^-  v^)  cos  (t/,'+  i/j")] 
a 

+  V^y  cot  (l^/-  Vi)  COS^dg-  %{V2  —  v[y  COt(l//-  l/j')  COS^Oo 

csc(i/2'’-  I/,')  cos^Co  cos{u{+  V2) 

+  %(.i'2  —  ViY  CSC  (1/2^-  Vi)  cos''ao  cos  (1/1'+  ^2^) 

-(1/16)  sin  2  (1/2"-  Vi)  cos  '‘ao  cos^(t/i'+  V2) 

+  (1/16)  (i'/-  Vi)  cosVo  +  (1/32)  sin  2{u2  —  v^')  cos^ao 

Now  in  (129)  let  Oo  =  90°  -  dg,  dj  =  v^,  dj  =  1^2^ ,  d  =  dj  ~  dj  =  V2  -  Vi  and  the  equation 


becomes: 


—  =  d  -  (f/2)  [d  sin  ^dg  —  sin  d  sin  ^0oCos(d,  +  d2)] 
a 

+  P  M  d^  cot  d  sin^0o  ~  ‘A  Y  cot  d  sin  ^dg 
-  'A  CSC  d  sin  ^dg  cos  (d,  +  d2) 

+  %  d^  CSC  d  sin  *dg  cos  (dj  +  d2) 

-(1/16)  sin  2d  sin  *dg  cos^ldj  +  d2)  +(1/16)  d  sin  ■*'(1/32)  sin  2d  sin  ^0o 

Since  dg  is  the  parametric  latitude  of  the  vertex  of  the  Great  elliptic  arc,  we  have  (  or 
may  place) 


(sin  $2  +  sin  ^2)*  (sin  0i  -  sin  62)^ 

X= -  +  - 

1  +  cos  d  1  -  cos  d 

(sin  $2  +  sin  0j)^  (sin  $2  -  sin  ^2)' 


1  +  cos  d 


1  -cos  d 


2  sin  ^dg 


2  sin  ^6g  cos  (dj  +  d2) 


From  (131)  sin  9g  -  X/2,  sin^0<,  cos  (d,  +  dj)  ■=  Y/2,  and  we  can  write  (130)  in  the  form: 

— “  d  -  (f/4)  (Xd  -  Y  sin  d) 
a 

+  (fVl28)  r(16d^  cotd)X -(16d^  CSC  d)  Y 

+  (2d  +  sin  2d  -  8d’  cot  d)  X^ 

_+  (8d’  cscd)  XY  -  (2  sin  2d)  Y" 

If  we  factor  sin  d  out  of  every  term  of  (132),  we  can  write: 

S  -  a  sin  d  [T-(f/4)  (TX  -  Y)  +  (fV64)  (AoX  +  B^Y +C,XHDoXY  +  EoY")] 

T  =  d/sin  d,  Eo  “  -  2  cos  d,  -  -  DpE,,  C,  »  T  -  )^(A„  +  £„),  (I33) 

Do  “  4T  ,  B(,  =  -  2  Do,  d  is  the  spherical  distance  between  the  points  P,(0„A,)  and  P2(02,A2) 
given  by  some  spherical  formula  as 

cos  d  -  sin  sin  62  +  cos  0,  cos  0,  cos  A  A,  AA  =  A2  -  Ai . 
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COMPARISON  WITH  AN  EXISTING  EXPANSION 
On  page  8,GrMRADA  Research  Note  No.  11,  E.  M.  Sodano,  April  1963  [23]  one  finds  the 
following  formula: 

S 


—  =  (1 +f +  P)  ^  +  a[(f+P)  sin<^  -  (fV2)  CSC  i^] 

Do 

/  f+P  f  +  f'  .  P  >. 

+  m  I - (f)  —  -  sin  (f)  cos  <f)  +  —  <j)^  cot  ^  j 

\  2  2  2  y 

-P  P  P  .  P 


(134) 


/I  I  .  1  t  V 

+  m  (  —  d>  + —  sin  d)  cos  <h  —  —  <f)Cot  d) - sin  d>  cos  ’c6 ) 

'•16  ^  16  ^  ^  2  ^  ^  8  ^  V 

/P  P  .  X 

+  am  ( CSC  ~  sin  ^  cos  ^01  -  a^  (P/2)  sin  (f>  cos  <j> 

Now  the  correspondence  bclvveen  the  parameters  as  used  in  (133)  and  those  of  Sodano 

are: 

m(Sodano)  =  X/2,  a(Sodano)  =  K(Y  +  X  cos  d),  ^(Sodano)  =  d,  (Sodano)  =  a(l  -  f)  (135) 
(a  is  equatorial  radius,  f  the  flattening). 

If  we  substitute  from  (135)  into  (134)  ,  retaining  terms  to  P  inclusive,  we  can  write  (134) 
as 

S 

— =  d  -  (f/4)  (Xd  -  Y  sin  d) 

+  (P/128)  I  (16d*  cot  d)  X  -  (I6d'  CSC  d)  Y  |  (136) 

+  (2d  +  sin  2d  -  8d^  cot  d)  X* 

+  (8d^  CSC  d)  XY  -  (2  sin  2d)  Y^ 

Now  comparing  (132)  and  (136)  find  that  the  equations  are  identical  which  gives  an 
independent  check  of  Sodano’s  inverse  formula. 


COMPUTING  FORM  IN  TERMS  OF  PARAMETRIC  LATITUDE 

Given  on  the  reference  ellipsoid  the  points  P,(0i,  A,),  Pj(02»  A2);  P2  ^'’6st  of  P,,  west 

longitudes  considered  positive.  (Geodetic  latitudes  are  converted  to  parametric  by  tan  0=(1-D. 

tan  (f)  or  an  equivalent  formula).  Formulas  (133)  may  be  used  as  follows: 

With  =  )^(0.  +0,),  =  %{.e^  -  0,),  AA  =  A,  -  A,,  AA^  =  — 

2 

let  k  =  sin  0^^  cos  A0j^,  K  =  sin  A0j^  cos  0^^, 

H  =  cos^A0^  -  sin^0jjj  =  cos’0j^  -  sin’A0^, 

L“sin^A0^-<-Hsin^AA|^  =  sin*d/2,  1  -  L  ”  cos*d/2. 
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(137) 


cos  d  =  1  -  2L,  h  “  sin^d  =  4L(l  -  L),  U  “  2kV(l  “  L)» 

V  =  2KVL,  X-U  +  V,  Y-U-V 

T  “  (d/sin  d)  -  1  +  (l/6)h  +  (3/40)h'  +  (5/112)h'  +  (35/1152) h"  +  (63/2816) h®  + _ 

Eo  =  -2  cos  d,  Ao=-DoE„-  -  4EoTS  =  4r,  -  -  2Do,  =  T->/^(Ao  +  Eo) 

S  =  a  sin  d  [T  -  (f/4)  (TX  -  Y)  +  (f764)  (AoX  +  BoY  +CoX^  +DoXY  +  EoY^)] 

sin  (ctj  +  Cl)  =  (K  sin  AX)/L,  sin  (hj  “  fli)  =  (k  sin  AX)/(1  -  L) 

+  Stti)  =  -  (f/  2)  TH  sin  (aj  +  Oj) 

!4(Sa2  “  Stti)  =  -  (f/2)  TH  sin  (a^  -  oi) 

~  Sqj  )  eta— 1  *  ^2  5ce2« 

The  azimuth  formulas  of  (137)  are  obtained  by  manipulation  of  expressions  given  on  pages 
126-128  of  THE  DISTANCE  BETWEEN  TWO  WIDELY  SEPARATED  POINTS  ON  THE  SURFACE 
OF  THE  EARTH,  W.  D.  Lambert,  Journal  of  the  Washington  Academy  of  Sciences,  Vol.  32,  No.  5, 
May  15,  1942,  [13] .  Note  that  in  the  distance  and  azimuth  foimulas  of  (137),  the  same  quantities 
H,  T,  L,  k,  K  are  used. 

Figure  22  in  an  example  of  the  arrangements  of  equations  (137)  and  computations  for 
comparison  with  those  of  Figure  21,  page  80.  The  results  are: 


True  distance 

Geodetic  Latitude 

Parametric  Latitude 

meters 

Sf 

Sf 

8,466,621.01 

618.26  621.11. 

622.30 

621.08 

True  Azimuths 

109°  57'  17’:41 

16':  86 

16':  68 

265°  37'  10':  59 

10':71 

11':  37 

As  was  to  be  expected  both  approximations  are  adequate  within  any  operational  requirements. 
The  coefficients  Ao,  B^,  C,,,  D,,,  Eo  of  the  parametric  latitude  form.  Figure  22,  are  slightly  less 
complicated  than  those  of  the  geodetic  form.  Figure  21.  But  no  conversion  to  parametric  latitudes 
needs  to  be  made  for  Figure  21.  For  purely  geodetic  computations  further  investigation  needs  to 
be  made  aiid  it  is  suggested  that  computations  be  made  using  both  forms  against  the  computed 
lines  contained  in  the  revised  issues  of  ACIC  Reports  59  and  80,  Sept.  1960  and  December  1959.  [12] 
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DISTANCE  COMPUTING  FORM,  FORSYTH-ANDOYER-LAMBERT 
TYPE  APPROXIMATION  WITH  SECOND  ORDER  TERMS 
tan  Q  -  0.996609925  tan  ^ 

Clarke  Spheroid  1866,  a  =  6,378,206.4  meters 
f/2  =  0.00169503765,  f/4  =  0.000847518825,  fV64  =  0.1795720390  x  10"® 
1  radian  =  206,264.8062  seconds 


O  «  III 

8  58  25.0 


21  26  06.0 


01 
02 

=  '/2  (0,  +  0j)  15°  09'  22'!644 
!s.e^  Vi (02  -  0x)  6  12  45.386 


1.  PANAMA 


2.  HAWAII 


O  I  II 

74  34  24.0 
158  01  33.0 


2.  Always  west  of  1. 
01  8°  56'  37':258 


0j  21 


Ai 

A2  _ 

AA=X2-Ai  78°  27'  09';0 


AX^=‘/2AX  39  13  34.5 


22  08  .029 


sin  0JJJ  +  0.26145290 


sinA0j„  +  0.10821810 


cos  0JJJ  +  0.96521623 


cos  A0^  +  0.99412718 


sin  AX  +  0.97975909 
sinAX.^  +  0.63238428 


m 


k  =  sin  0^  cos  A0^  +  0.25991743 


K  =  sin  A0^  cos  0|j^ 


H  =  co^A0jn  -  sin'0jj,  =  cos"0^  -  sin"A0„  +  0.91993122 


L  =  sin=A0^  +  H  sin'AX^  +  0.37960074 


+  0.10445387 

1-L  +  0.62039926 
cos  d  =  1  -  2L  +  0.24079852 


d  +  1.3276078324 
U  =  2kV(l  -  L)  +  0.2177857865 
X  =  U  +  V  +  0.2752704532 


A  =-DE  =  -  4Er  +  3.604334620 
X(A  +  CX)  +  0.977503686 
(TX  -  Y) 

T  +  Sf 


+  0.216229457 


sin  d  +  0.97057512 

Y  =  2KVL  +  0.0574846667 

Y  =  U-V  +  0.1603011198 

C  =  T  -  'A(A+E)-  0.19351193 

Y  (B  +  EY)  -  2.411804017 


T  =  d/sin  d  +  1.367856856 


E  =  -  2  cos  d  -  0.48159704 
D=  4T*  +  7.484129512 


B  =  -2D  -  14.968259024 
DXY  +  0.330245911 


+  1.367673597 


S  =  X(A  +  CX)  +  Y(B  +  EY)  +  DXY  -  1.10405442 
T  +  8f+5f"  +  1.367673399 


Sf  =  -  (f/4)  (TX  -  Y)  -  1.83259  x  lO"® 

Si  =  a  sin  d  (T  +  SO  8,466,622.30  meters 
8f'  -  +  (fV64)  1  -  1.9826  x  lO"’ 

S,  "  a  sin  d  (T  +  Sf  +  Sf^)  8,466,621.08  meters 


sin  (oj  +  Oi)  =  (K  sin  AX)/L  +  0.26959808 
sin  (oj  -  Oi)  =  (k  sin  AX)/(1  -  L)  +  0.41047190 
•A(Sa,  +  8aj)  =  -  (f/2)  H  T  sin  (a,  +  a,)  -  5.75032185  x  lO'" 

'A(Saj  -  8a.)  =  -  (f/2)  HT  sin  (a,  -  a,)  -  8.75505321  x  IQ-* 


0  1 

II 

Oi 

109  56 

14.701 

8a, 

+  1 

01.977 

_ 

109  57 

16.678 

a...  ”0.  +  8a  1 


a,  +  Oj 

375 

38  25.266 

Oj  -  a, 

155 

45  55.864 

80.  +  _ 

0.300473136  x  lO'" 

80.  - 

1.450537506  x  10"’ 

0 

1  II 

«!  _ 

265 

42  10.565 

80. _ 

- 

4  59.195 

265 

37  11.370 

_ 

aj-i  =  Qj  + 

Saj 

Figure  22 
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TRANSFORMATION  FROM  SECOND  ORDER  FORM  IN  GEODETIC  LATITUDE 
TO  SECOND  ORDER  IN  PARAMETRIC 
In  terms  of  geodetic  latitude,  the  equations  corresponding  to  (132)  are: 

-  =  d'-(f/4)  (X'd'-3Y'sind') 
a 

+  (fVl28)  (AX'+  BY'+CX'"  +  DX'Y'+EY'") 

A  =  64d '  +  16d '  ^  cot  d B  =  -  96  sin  d '  -  iod  esc  d (138) 
C  =  -30d''-  15  sin  28'  —  8d'^  cot  d 

D  =  48  sin  d'  +  8d'^  esc  d',  E  =  30  sin  2d' 

(See  Equation  (109),  page  78. 

Equation  (132)  is  written  here  in  the  form: 

l=d-(f/4)(Xd-Ysind)  (139) 

a 

+  (fVl28)  (AoX  +  BoY  +  CoX^  +  DoXY  +  E^Y^ 

Ao  “  16d’  cot  d,  Bfl  “  -  16d^  esc  d,  Co  =  2d  +  sin  2d  -  8d^  cot  d. 

Do  ”  8d^  CSC  d,  Eo  =  ~  2  sin  2d 

Now  we  should  be  able  to  find  transformation  equations  of  the  form: 
d'=  d'(d,  X,  Y),  X'=  X'(X,  Y,  d),  Y'=  Y'(Y,  X,  d)  (140) 

which  when  substituted  in  (138)  should  produce  equations  (139). 

The  definitions  of  X ',  Y '  and  X,  Y  are: 

X'=  2  sin^^oj  X  =  2  sin^0o  (141) 

Y'  =  2  sin  ’00  cos  (d(+  d/),  Y  =  2  sin  ’0o  cos  (d,  +  dj) 
where  0o  >  respectively  geodetic,  parametric  latitude  of  the  vertex  of  the  great 


elliptic  arc.  From  the  equation  tan  0  =  (1  -  f)  tan  0,  or  equivalent,  we  find: 

00  =  00  +  f  sin  4  cos  00  (1  +  f  cos  ’0o).  (142) 

From  the  values  indicated  by  Forsyth  on  page  120,  of  his  treatise,  to  first  order  in  f, 
extending  the  results  to  second  order  in  f  we  find: 

d'  =  d  -  (f/2)  Y  sin  d  +  (fVl6)  [4Y  (X  -  3)  sin  d  +  (2Y’  -  X’)  sin  2d]  (143) 

and  to  first  order  in  f, 

cos  (d,'+  d2)  =  cos(d,  +  dj)  +  f  cosd  sin’0o  -  f  cos  d  sin’0o  cos’(d,  +  dj).  (144) 

From  (142),  to  first  order  in  f,  find 

2  sin  ’00  ”  2  sin  ’0o  (1  +  2f  cos  ’0o).  (145) 
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From  (143),  to  first  order  in  f,  find 

sin  d'=  sin  d  -  (f/4)  Y  sin  2d 

(146) 

From  (141),  (144),  and  (145)  find 

X'=X  +  2fX-fX" 

(147) 

Y'=  Y  +  2fY  -  fXY  +  (f/2)  (X"  -  Y*)  cos  d  . 

Hence  the  transformations  (140)  are  from  (143),  (146),  and  (147)  the  following: 


|d'  =  d  -  (f/2)  Y  sin  d  +  (P/16)  [4Y  (X  -  3)  sin  d  +  (2Y"-X*)  sin  2d] 
sin  d '  =  sin  d  —  (f/4)  Y  sin  2d 

X'=X  +  2fX-fX"  (148) 

Y'  =  Y  +  2fY  -  fXY  +  (f/2)  (X^  -  Y^)  cos  d 

Substation  of  the  relations  (148)  into  (138)  produces  equations  (13^  providing  a  second 
check  of  Sodano’s  formula  for  the  inverse  solution 

The  inverse  of  the  transformations  (148)  which  will  carry  (139)  into  (138)  are: 

(d  =  i'+  (f/2)  Y'sin  d'  +  (fVl6)  [4Y'(X'-1)  sin  d'+  (2Y'*  -  X '")  sin  2d'] 
j  sin  d  =  sin  d'+  (f/4)  Y'sin  2d' 

JX  =  X'-2fX'+fX'"  (149) 

(  Y  =  Y '  -  2fY '  +  fX ' Y '  +  (f/2)  (Y  '=*-  X '")  cos  d '. 

DIFFERENCE  FORMULAE  FOR  THE  TWO  SECOND  ORDER  FORMS 


From  equation  (142)  to  second  order  in  f,  find 
2  sin  =  2  sin  ^6^  (1  +  2f  “  2f  sin  +  3P  -  7P  sin  “0o  4P  sin  *0^), 
and  extending  (144)  to  second  order  in  f 

cos  (dj'  +  dj')  =  cos  (di  +  dj)  +  f  sin  cos  d  sin  ^(d,  +  dj) 


(150) 

(151) 


From  equations  (148),  by  factoring  sin  d  out  of  every  term  of  the  expression  for  d we 
can  write: 

d'  =  sin  d  IT  -  (f/2)  Y  +  (fV8)  [2Y(X-3)  +  (2Y^  -  X^)  cos  d]j  (152) 

Since  we  can  write  X'=  2  sin  X  =  2  sin  Y'=  2  sin  cos  (d,'+  dj'), 

Y  “  2  sin  ^00  cos  (d,  +  dj)  we  have  from  (150)  and  then  combining  (150)  and  (151) 

(multiplying  respective  members  together) 
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X  '=  X [1  +  £'(2  -  X)  {1  +  (f/2)  (3  -  2X)}] 
Y'=  Y  [1  +  f(2  -  X)]  +  (f/2)  (X"  -  Y^)  COS  d 


(153) 

(154) 


+  (f^/8) 


4Y  (2  -  X)  (3  -  2X) 

+  (X"  -  Y^)  {(11  -  5X)  cos  d  +  Y  (1  -  3  cos  ^d)i 


From  Figure  22  we  have 

X  =  0.2752704532,  Y  =  0.1603011198, 

sin  d  =  0.97057512,  cos  d  =  0.24079852,  (155) 

T  =  1.367856856,  f  =  0.0033900753, 

f/2  =  0.00169503765,  fV8  =  1.436576317  x  lO"* 

Using  the  values  from  (155)  to  compute  d',  X',  Y'^from  (152),  (153),  (154)  find: 
d'=  (0.97057512)  (1.367856856  -  2.717164  x  10"“  -  1.2634  x  10*‘) 

=  (0.97057512)  (1.367583876)  =  1.327342885;  (156) 

X'=  (0.2752704532)  (1.005871239)  =  0.27688663; 

Y'=  0.160301120  +  9.37275  x  10'“  +  2.0440  x  10"*  +  4.068  x  10"*“  0.16126290. 

From  Figure  21,  d'=  1.327342885,  X'=  0.27688668,  Y'=  0.16126298  and  comparing 
with  the  values  from  (156),  we  have  a  “flat”  check  for  d',  5  in  the  eighth  place  for  X'and 
8  in  the  eighth  place  for  Y'.  Now  the  first  significant  figure  of  F  is  1  in  the  5th  decimal 
place  and  of  F  is  4  in  the  8th  decimal  place.  If  seven  place  tables  are  used,  terms  in  F 
are  sufficient.  If  eight  figure  tables  are  used,  as  Peters  trigonometric  functions,  there  is 
some  uncertainty  in  the  8th  place  of  decimals. 

Now  the  corresponding  formulas  for  d,  X,  Y  in  the  terms  of  d',  X',  Y'are  found  similarly 
to  be,  to  second  order  terms  in  f  inclusive; 

d  =  sin  d '  IT  '+  (f/2)  Y '+  (fV8)  [2  Y '  (X 1)  +  (2Y -  X  '*)  cos  d  ']| 

X  =  X  '[1  +  f  (X 2)  1 1  +  (f/2)  (2X 1)}]  (157) 

Y  =  Y'[l  -  f  (2-  X')l  -  (f/2)  (X'^  -  Y'n  cos  d' 


+  (F/8) 


4Y'(2-X')  (1-2X0 

+  (X -  Y“0 1(5  -  3X  0  2  cos  d  “+  Y  '(1  -  3  cos 'd ')} 


From  Figure  21  we  have 
X'=  0.276886675,  Y'=  0.161262981, 
sin  d'  =  0.97051129,  cos  d'  =  0.24105566 
T'  =  1.367673822. 

With  the  values  of  X',  Y',  sin  d',  cos  d',  T'from  (158)  and  of  f,  f/2,  F/8  from  (155) 


(158) 
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I 


we  find  from  (157)  that 


d  =  (0.97051129)  (1.367673822  +  2.73347  x  10'"  -  3.44  x  10"’) 
d  =  (0.97051129)  (1.36794682)  =  1.327607833 

X  =  (0.276886675)  (0.994162934)  =  0.27527047  (159) 

Y  =  0.161262981  -  9.42015  x  10'"  -  2.0700  x  W*  +  8.68  x  10'"  =  0.16030113. 

From(155).  X  =  0.27527045,  Y  =  0.16030112,  and  from  Figure  22,  d  =  1.327607832. 

Comparing  with  (159)  we  have  a  difference  in  d  of  1  in  the  9th  decimal  place;  in  X  and  Y 
of  2  and  1  in  the  8th  decimal  place  respectively,  which  is  within  the  computational 
uncertainties. 

From  (152),  (153),  (154),  and  (157)  we  can  express  the  differences  as  functions  of  either 
set  of  variables: 

Ad  =  d d  =  -  (f/2)  Y  sin  d  +  (fVl6)  [4Y  (X  -  3)  sin  d  +  (2Y"  -  X^  sin  2d] , 

=  -  (f/2)  Y'sin  d'-  (fVl6)  [4Y'(X'-  1)  sin  d'+  (2Y -  X'^)  sin  2d'] ; 

AX  =  X X  =  fX(2  -  X)  {1  +  (f/2)  (3  -  2X)} , 

=  fX'(2-X')  |l-(f/2)(l-2X')  };  (160) 


AY  =  Y'-  Y  =  fY  (2  -  X)  +  (f/2)  (X^  -  Y^)  cos  d 


+  (F/8) 


"  4Y  (2  -  X)  (3  -  2X) 

+  (X*  -  Y*)  { (11  -  5X)  cos  d  +  Y  (1  -  3  cos’d) }  , 


=  fY '  (2  -  X ')  +  (f/2)  (X -  Y '’ )  cos  d ' 


-(fV8) 


4Y'(2-X')  (1-2X') 

+  (X'’-Y'’)  {2(5-3X')  cosd'+ Y'(l-3cos’d')j 


SUMMARY  OF  DISTANCE  COMPUTATIONS  INVESTIGATION 

As  long  as  accuracy  requirements  remain  within  the  range  of  the  capabilities  of  the 
Andoyer-Lambert  formulae,  as  exhibited  in  TABLE  3,  they  are  quite  adequate  and  it  makes 
no  difference  if  geographic  latitudes  are  transformed  to  parametric  latitudes  first  as  far  as 
accuracy  requirements  are  concerned  relative  to  hyperbolic  electronic  measuring  systems. 
However,  the  formulae  for  geodetic  azimuths  are  slightly  more  complicated  in  terms  of 
geodetic  latitude  and  some  of  the  auxiliary  quantities  as  chord  length,  dip  of  the  chord,  etc. 
are  slightly  less  difficult  to  compute  when  expressed  in  terms  of  parametric  latitude. 

In  order  to  arrange  the  computing  in  conformance  with  the  Andoyer-Lambert  formulae, 
equations  (17),  (48),  (52),  56)),  and  (64)  have  been  rearranged  as  follows  to  be  expressible 
in  common  computational  parameters: 
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The  spherical  length,  d,  is  determined  from  formulae  as  given  with  Figure  16, 

(d  =  d,v.d,); 

cot  A  =  (cos  6 1  tan  62  -  sin  6^  cos  AA)/sin  AX 
cot  B  =  (cos  $2  tan  6,  -  sin  $2  cos  AX)/sin  AX 
sin  d  =  cos  sin  AX/sin  B  =  cos^^sin  AX/sin  A; 
these  will  compensate  for  any  unfavorable  triangle  geometry. 

The  Andoyer-Lambert  Formulae  are  taken  in  the  form  [13] 

5d^  =  -  (f/8)  (VQVsin*  J^d  +  URVcos"  J^d) 

(1)  s  =  a(dj.  +  Sdj.),  Q  =  sin  ^  -  sin  6[ ,  R  =  sin  6,  +  sin 

V  =  dj,  +  sin  d,  U  =  dj.  -  sin  d. 

With  corresponding  geodetic  azimuths  computed  from 
T  =  (f/2)  d'Vsin  d,  SA"=  T  cos  \  sin  2B, 

(2)  8B  "  =  T  cos  "01  sin  2A;  ga^3  =  180°  -  A  +  S^;  gag^  =  180°  +  B  -  SB 
The  Normal  Section  Azimuths  may  be  written 

(3)  ‘^o^n^AB  "  ~  A)/Ti  +  (e"  Q  cos  0,  )/(sin  AX)T,  cos  O2 
cotnQBA  "  B/Tj  +  (e"Q  cos  02)/(sin  AX)Tj  cos  0, 

Ti  =  (1  -  e"  cos"0.)‘/"  Tj  ■=  (1  -  e"  cos"02)‘/" 

The  chord  length  becomes 

(4)  c  =  a(4sin"d/2-e"Q")‘/" 

The  angle  of  dip  of  the  chord  may  be  written 

(5)  /3  =  arc  sin  [2b  (sin  "d/2)/cT,] 

b  =  semiminor  axis  of  ellipsoid,  c  =  chord  length,  T,  =  (1  -  e"  cos"0,)’^". 

The  maximum  separation  of  chord  and  arc  becomes 

(6)  H  ■=  (a"/c)  (1  -  cos  'Ad)  [4  sin  "d/2  (cos"d/2  -  M)  -  e"Q"]‘^"/cos  'Ad 

a  *=  the  semimajor  axis  of  ellipsoid,  c  ”  chord  length,  M  =  e"  sin  0,  sin  02, 

Q  “  sin  0j  -  sin  0, ,  e  =  eccentricity  of  the  spheroid. 

The  geographic  coordinates  of  the  point  where  maximum  separation  of  chord  and  arc  occurs 

(7)  tan  X  =  (cos  02  sin  AX)/(cos  0,  +  cos  62  cos  AX) 

tan  <f)  =  R/(0.996609925)  V  4  cos"  'Ad  -  R" 
where  R  =  sin  6i  +  sin  02. 

Figure  23,  shows  tlie  above  formulae  arranged  in  a  computing  form  and  the  computations  done 
over  the  line  MOSCOW  TO  CAPE  OF  GOOD  HOPE.  See  line  No.  12,  TABLE  1,  and  Figure  17. 
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COMPUTATIONS:  GEODETIC  DISTANCE  AND  AZIMUTHS,  NORMAL 
SECTION  AZIMUTHS,  CHORD,  ANGLE  OF  DIP,  MAXIMUM  SEPARATION, 
GEOGRAPHIC  COORDINATES  OF  POINT  OF  MAXIMUM  SEPARATION 
Clarke  1866  Ellipsoid:  a  =  6,378,206.4  meters,  b  =  6,356,583.8  meters,  e’  “  6.7686580  x  10 
f/2  '  1.69503765  x  lO'S  f/8  -  4.237594  x  lO-*,  1  radian  »  206,264.8062  seconds 


Note  in  Figure  23  that  two  values  of  longitude  are  given,  A  and  Ag.  A  is  the  longitude 
associated  with  the  point  where  maximum  separation  of  chord  and  arc  occurs  but  corresponding 
to  the  rectangular  coordinate  system  as  defined  in  say  Figure  14.  Ag  is  the  true  geodetic 
longitude  of  the  same  point  and  is  of  course  obtained  by  adding  A  to  Aj  since  Ai  is  negative. 

While  a  continuous  system  based  on  either  the  great  elliptic  section  as  depicted  by  Figure 
17,  or  the  Forsyth-Andoyer-Lambert  approximation.  Figure  23,  will  provide  all  the  information 
as  indicated  and  accurate  enough  for  hyperbolic  electronic  systems  and  any  present  operational 
requirements,  the  Forsyth-Andoyer-Lambert  is  probably  to  be  preferred  because  of  computational 
simplicity  and  existence  of  programs  already  operating  for  high  speed  computers.  Should  the 
need  arise  for  accuracy  of  the  order  of  1  meter  in  distance  and  1  second  in. azimuth  over  the 
ellipsoid,  the  extension  to  second  order  terms  in  the  flattening  provided  by  equations  (110)  or 
(137),  will  suffice. 

Many  formulae  are  available  for  geodetic  lines  and  differential  corrections  are  available  for 
transforming  elements  such  as  geodetic  azimuths  to  normal  section  azimuths,  etc.  [24].  Usually 
these  are  complicated,  involve  tabular  material  for  a  particular  spheroid  of  reference,  require 
extensive  root  computation,  and  accuracy  depends  on  line  length.  For  instance,  Bomford  says 
Rudoe’s  formulae  for  the  reverse  problem,  are  “Unnecessarily  complex  for  general  use,”  [21], 
page  108.  Also  they  give  “Normal  Section”  distances  —  not  geodetic.  The  difference  between 
the  geodesic  and  the  Normal  Section  distance  is  of  4th  order  in  the  eccentricity  of  the  meridian 
ellipse  [24]. 

Finally  this  investigation  has  raised  the  question  as  to  whether  either  Andoyer  or  Lambert 
should  share  any  credit  for  the  first  order  approximation  formula  in  terms  of  parametric  latitude 
recognizable  intact  in  Forsyth’s  1895  paper.  While  Forsyth  had  an  erroneous  second  order  term 
to  the  same  expansion  in  terms  of  geodetic  latitude,  his  first  order  term  was  correct  and  he  thus 
had  both  so-called  Andoyer-Lambert  formulae.  Gougenheim  apparently  had  in  1950  the  first 
correct  expansion  in  print  in  terms  of  geodetic  latitude  which  included  the  second  order  terms  in 
the  flattening. 
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APPENDIX  1 


Example  of 

Computations  of  Loran  Lines 
of  Position  (Plane  Approximation) 
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Intersections  of  Loran  Lines  of  Position 
(Plane  Approximation) 


P.  D.  Thomas,  Mathematician 

Consider  the  hyperbolic  system  as  shown  in  Figure  24.  The  hyperbolic  locus  with  foci  F,  F' 
has  for  equation 


(c^  -  a")  -  aV"  -  a"  (c^  -  a%  (e  -  -  >  1) 


(1) 


As  a  varies  (a  <  c)  all  the  hyperbolas  with  the  fixed  foci  F,  F' (which  are  2c  apart)  are 
generated. 

The  hyperbolic  locus  with  the  fixed  foci  F,  F'^when  referred  to  the  same  coordinate  system 
as  (1),  has  for  equation 

Ax*  +  Bxy  +  Cy*  +  Dx  +  Ey  +  F  “  0,  (e  "  d/b>  1).  (2) 

where  one  may  first  compute  r  =  b*  -  d*,  /r  =  d  cos  a,  v  =  d  sin  a,  S  =  r— cp,  and  then 
A  =  ^*  -  b*.  B  =  2iiv,  C  =  V*  -  b*.  D  =  2(r/x  -  c  A),  E  =  2Si/,  F  =  S*  ^  b*c*. 

As  b  varies  (b  <  d)  all  the  hyperbolas  with  the  fixed  foci  F,  F"  (which  are  2d  apart)  are 
generated. 

The  respective  pairs  of  constants  c,  a;  d,  b  for  each  hyperbola  are  related  to  the  fundamental 
constants  of  a  Loran  line  by 

c  =  kB,/2,  a  -  kV./2;  d  -  kB,/2,  b  -  kV,/2  (2.1) 

where  Vj  =  tj,  tj  is  the  time  difference,  vj  is  the  difference  of  light  microseconds,  Bj  is  the 

length  (measured  in  light  microseconds)  of  the  direct  line  (baseline)  between  two  Loran  stations, 
k  is  the  length  of  a  light  microsecond  in  the  linear  units  in  which  x  and  y  are  expressed. 

Since  five  distinct  points  determine  a  conic  uniquely,  two  conics  can  have  at  most  four 
points  in  common.  For  the  hyperbolas  (1)  and  (2)  there  will  always  be  four  real  points  of 
intersection  except  when  F^,  F,  F  are  collinear  (a  =  O)  and  then  there  will  be  two. 


ALGEBRAIC  SOLUTIONS 

I.  If  equations  (1)  and  (2)  are  solved  simultaneously  for  x  one  obtains  the  quartic  equation 
x^  +  Hx’  +  Jx*  +  Mx  +  N  -  0 

where  one  may  first  compute  G  ”  c*  -  a*,  /So  “  CG  +  Aa*,  cu  =  F  -  CG,  S  =  BEG, 
y  =  a*B*  -  E*,  L  ^  /8o'  -  G  B*a*,  and  then  H  -  2a*  (DjSo  "  S)/L,  J  =  a*(a*D*  +  2^o<u  +  Gy)/L, 


(3) 


‘Loran;  Pierce,  McKenzie,  Woodward;  McGraw  Hill,  1948,  pages  52,  53,  174. 
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M  =  2a^(D<a  +  S)/L,  N  =  a^(<a^  +  GE^)Aj-  The  corresponding  values  of  y  are  then  given  by 
y-±[G(x^-a^)?'Va. 

Equation  (3)  may  Be  solved  by  the  standard  algebraic  method^  or  by  any  of  a  number  of 
numerical  techniques.’ 

n.  Again,  if  equations  (1)  and  (2)  are  written  in  the  forms  x’  -  Qy’  “  a’,  x’  +  Uxy  +  Vy’ 

+  Wx  +  Ry  +  T  -  0,  where  Q  -  aV(c*  -  a’),  U  -  B/A,  V  -  C/A,  W  -  D/A,  R  -  E/A,  T  -  F/A 
and  these  forms  of  the  equations  solved  simultaneously  with  the  line  of  slope  m  through  the 
common  focus  F(c,o)  whose  equation  is  y  ”  m(x  -  c),  one  obtains  the  two  equations: 

(Qm*  ^  1)  x’  -  2cQm’x  +  (a’  +  c’Qm’)  -  0,  (4) 

(1  +  Um  +  Vm’)x’+  [W+(R-cU)m-2cVm’]x  +  (c’Vm*  -  cRm  +T)  “  0. 

The  resultant  of  the  quadratic  equations  (4)  is  the  condition  that  they  have  the  same 
solutions  or  correspondingly  that  the  parameter  m  will  be  restricted  to  those  values  for  the 
points  common  to  the  hyperbolas  (l)  and  (2).^ 

The  resultant  of  the  quadratics  agx’  +  SiX  +  a,  “  0,  b^x’  +  b,x  +  bj  “  0  is  given  by 
(aobj  -  boSj)’  +  (biSj  -  Sibj)  (aobj  -  a,bo)  -  0.  (5) 

From  (4)  ao  “  Qm’  -  1,  ai  ”  -2cQm’,  a^  -  a’  +  c’Qm’,  bj  “  1  +Um+Vm’, 
bj  “  [W  +  (R  -  cU)  m  -  2cVm’] ,  b,  “  c’Vm’  •*  cRm  +  T,  and  these  values  placed  in  (5)  lead 
to  the  quartic  equation 

k,m^  +  kjm’  +  kjm’  +  k4m  +  k,  “0,  (6) 

where  with  G  "  c’  -  a’,  fl  =  (a’  +  c’)  V  +  0  (c’  -  T),^,  “  R  +  cU,  c’  +  cW  +T , 

7/  =  R  -  cU,  ^  =  a’U  ~  cR,  p  =  a’  -  T,  p '=  a’  +  T  one  finds:  k,  “  (GV  +  <^Q)’  ~  a’0J , 

k,  -  2[^0  +  27jca’V  +  a’RQ  .  (W  +  2c)  +  c’QU-(cW  +  2T)],  k,  -  f -  aV  +  2p'n  +  W[4a’cV  + 

2cpQ  -  a’W],  k4  -  a’Wj,),  k,  -  p'’  -  a*W’. 

Again  the  solutions  of  (6)  may  be  found  by  well  known  algebraic  or  numerical  methods. 

The  values  of  m  obtained  are  of  course  the  slopes  of  the  lines  through  F(c,o)  and  the  points 
of  intersection  of  the  hyperbolas  (1)  and  (2). 


’College  Algebra,  H.  B.  Fine,  Page  486. 

’Numerical  Mathematical  Analysis,  J.  B.  Scarborough,  Second  Edition,  1950,  Pages  62—72. 
(The  Johns  Hopkins  Press,  Baltimore) 

^College  Algebra,  H.  B.  Fine,  Page  512. 
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POLAR  SOLUTION 

The  following  procedure  involves  tables  of  the  trigonometric  functions  but  no  root  extraction. 
First  express  the  equations  of  (1)  and  (2)  in  polar  form  both  referred  to  the  common  focus  F(c,o), 
and  the  corresponding  rectangular  coordinates  in  terms  of  the  polar  parameters.  Find  for  equation 
(1) 


+  a  -  c  cos  d 
X  =  c  +  r„  cos  0,  y  =  r„  sin  6 

and  for  equation  (2) 

(d^  -  b*)  [d  cos  id  —  a)±  b] 


(c>a)  (see  equation  (3)  PLANE,  page  37  with  R  =  r  ,  /3  =  0) 


(7) 


ru  =  • 


d^  cos^  id  —  a)  -  b^ 

X  =  c  +  rjj  cos  y  =  tjj  sin  0 


(d>b) 


(8) 


Since  (7)  and  (8)  express  the  two  hyperbolas  in  polar  form  with  respect  to  the  same  pole 
F(c,o),  a  common  focus  of  the  two  loci,  it  is  clear  (see  Figure  24)  that  at  a  point  of  intersection 
P'(x,y)  the  two  values  r^  and  rj^  are  equal  to  a  common  value  r'for  a  common  value  of  0  and 

the  distances  to  P'from  F'and  F"are  then  given  by  r,  =  r'+  2a,  r2  =  r'  +  2b. 

Equating  the  values  of  r^,  r|j  from  (7)  and  (8)  one  obtains 

d’-b’ 


c*  -  a* 


r  =• 


±  a  -  c  cos  0 


d  cos  (0  -  a)  ±b 


(9) 


and  since  c,  d,  a  are  constants,  (9)  is  a  relation  between  the  parameters  a,  b,  and  0.  That  is 
given  any  two  of  the  three  the  third  may  be  found  from  (9). 

Consider  a  and  b  given.  First  write  (9)  in  the  form 
dcos(0-a)+b  d^  -  b^ 


c>-a’ 


K,  whence 


±a  -  c  cos  0 

(d  cos  a  +  cK)  cos  0  +  (d  sin  a)  sin  0  =  ±  aK  ±  b.  (10) 

The  solution  of  the  trigonometric  equation  (10)  is 
0;  =  /3  +  yj 

tan  j8  =  (d  sin  a)/(d  cos  a  +  cK)  (i  =  1,2,3,4) 

cos  yj  =  (+  aK  +  b)  sin  /3  /d  sin  a.  (11) 

From  (11)  it  is  seen  that  in  general  there  will  be  four  angles  (yj),  and  thus  four  values 
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of  ,  four  values  of  rj^  from  (9)  and  four  sets  of  rectangular  coordinates  from  Xj  =  c  +  rj'  cos  0j , 
yj  =  rj'sin0j(i  =  l,2,3,4)  (12) 

and  for  each  point  of  intersection  two  of  the  additional  distances 

rj=rj'±2b,  rj^4  =  rj'±2a  (i  =  1,2,3,4).  (13) 

A  procedure  for  using  equations  (9)  through  (13)  will  be  described  and  used  for  two 
examples.  Since  a,b,c,d,a  will  be  given,  first  compute  K  =  (d^  -  b^)/(c^  -  a^),  /r  =  d  cos  a, 
p*  =  d  sin  a,  tan  /8  =  i^/  (/x  +  cK). 

From  tan  /3,  using  tables,  find  j8  and  sin  /3.  Then  compute 
cos  yj  =  (+  aK  ±  b)  sin  j8  /  f  (i  =  1,2, 3,4),  and 

~  P  Vi  (i  =  1,2, 3,4).  Next  compute 


„2 _ 2 

c  -  a 


i  =  1,2,3,4 


*  ±a-ccos0j  d  cos  (0j-a)+b  ’  ’  ’ 

choosing  the  proper  value  (with  respect  to  sign)  of  +  a,  ±  b  in  each  member  which  will  make 
them  equal  and  positive  for  each  value  of  0j.  Now  the  rectangular  coordinates  may  be  computed 
from  Xj  =  c  +  rj'  cos  0j,  yj  =  rj'  sin  .  Useful  checks  are  provided  at  this  point  by  the  relations 
(xj  -  c)*  +  yj’  =  rj'^  and  by  Sxj  =  -  H  from  equation  (3).  H  =  2a’  (DjSo  -  S)/L,  j8o“CG  +Aa’, 
d  =  BEG,  L  =  /3o’  -  GB’a’,  G  =  c’  -  a’,  A  =  /x’  -  b’,  B  =  2,iu,  C  =  i/’  -  b’,  D  =  2(r/x  -  cA), 

E  =  2Su,  r  =  b’  -  d’,  S  =  r  -  Cfi.  Finally  compute  the  additional  distances  rj  =  rj'  +  2b, 

'■i+4  =  V-2®*  (i  “  1.2,3,4). 

Example  1.  Let  c  =  d  =  2,  a=  b  =  1,  a  =  45°.  sin  a  =  cos  a  =  \/2/2. 

K  =  (d’  -  b’)/(c’  -  a’)  “  1.  u  =  fi  =  2  (0.70710678)  =  1.41421356. 
tan  jS=  Win  +  cK)  =  (1.41421356)/(3.41421356)  =  0.41421356. 

/3  =  22°30' ,  sin  /3  =  0.38268343. 

cos  yj  =  (±  aK  ±  b)  (sin  /3/i/)  =  (±  1  ±  1)  (0.27059805)  -  +  (0.54119610),  0. 

0  <  yj  <  2!7. 

y;  =  57°  14'  05';666,  90°,  122°  45'  54':334,  270° 

0i  =  /3  +  yj,  0,  =  79°  44'  05'.666,  6,  “  112°  30' ,  0,-  145°  15'  54':334,  d,  =  292°  30' 

/  3  3 

r.  = -  =  -  .  (Choose  the  proper  value  of  ±  1  in  each  member  which 

•  +  1  -  2  cos  0;  2  cos  (0;  -  45)  ±  i 

will  make  them  equal  and  positive  for  each  value  of  0j.  If  this  cannot  be  done  the  values  of 
0j  may  be  in  error.)  The  work  may  be  arranged  in  table  form  as  follows:  ' 
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Table  1. 


0i 

0J-45 

sin  0j 

cos  0j 

cos  (0j  -  45) 

79°44  os!  666 

34°44'  05!666 

0.98399379 

0.17820275 

0.82179706 

4.6613215 

112  30 

6730 

0.92387953 

-0.38268343 

0.38268343 

1.6993635 

145  15  54.334 

100  15  54.334 

0.56978031 

-0.82179706 

-0.17820275 

4.6613215 

292  30 

247  30 

-0.92387953 

0.38268343 

-0.38268343 

12.785918 

xj  =  2  +  rj'  cos  0j 

2.8306603 

4.5867114 

r,  =  2.6613215 

Tj  =  6.6613215 

1.3496817 

1.5700072 

r,  •=  3.6993635 

r^  =  3.6993635 

-1.8306603 

2.6559292 

rj  =  6.6613215 

r^  -  2.6613215 

6.8929590 

-11.812648 

r,  -  14.785918 

r,  »  14.785918 

Checks  were  computed  but  are  not  shown  here.  Figure  25  shows  the  results  ot  Table  1  graphically. 

Example  2.  Let  c  =  3,  a  =  d  =  2,  b  =  l,  a  =  30°.  sin  a  =  cos  a  =  \/372 

K  =  0.6,  tan  /3  =  l/(/3  +  1.8)  =  1/(3.5320508)  =  0.28312164,  u=l,ii  =  ^. 

/3  =  15°  48'  28':676.  sin  jS  =  0.27241402,  cos  yj  (0.54482804) 

2 

cos  yj  =  ±  (1.1)  (0.54482804),  ±  (0.1)  (0.54482804) 
cos  yj  "  +  0.59931084,  ±  0.054482804 

y;  =  53°10'  46':000,  86°52'  36':550,  126°  49'  WIOOO,  273°07'  23':450 

0;  =  /3  +  yj,  0,  =  68°  59'  14':676,  0,  =  102°  41'  05':226,  0,  =  142°  37’  42’:676 
,  5  3 

9^  “  288°  55'  52"126.  r;  ”  -  =  - ; -  .  The  work  is  arranged  in  the 

'  ±  2  -  3  cos  0;  2  cos  (0i-  30)  ±  1 

following  table: 
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Table  2 


^i 

0J-3O 

sin  0j 

cos 

cos  (0j  -  30) 

O  I  tl 

68  59  14.676 

O  t  M 

38  59  14.676 

0.93350166 

0.35857308 

0.77728423 

5.40961166 

102  41  05.226 

72  41  05.226 

0.97559289 

-0.21958714 

0.29762840 

1.88057496 

142  37  42.676 

112  37  42.676 

0.60698032 

-0.79471687 

-0.38475484 

13.015729 

288  55  52.126 

258  55  52.126 

-0.94590914 

0.32443167 

-0.19198850 

4.86994806 

xj  =  3  +  rj  cos  0j 

yj  =  rj'sin  0j 

rj  =  r/+2 

■BBBl 

tan  0j 

4.93974111 

5.04988146 

r,  =  3.40961166 

Tj  =  9.40961161 

2.60337906 

2.58704992 

1.83467556 

rj  =  3.88057496 

r^  =  5.88057496 

-  4.4428508 

-  7.34381941 

7.90029135 

rj  =  15.015729 

r^  =  9.015729 

-  0.76376927 

4.57996538 

-  4.60652838 

r,  =  6.86994806 

r,  =  8.86994806 

-  2.91558822 

Checks  of  the  computations  of  Table  2  were  made  as  follows: 
1.  Using  (xj  -  3)^  +  yj^  =  and  values  from  Table  2: 


(xj-3)^ 

y-i 

(x;-3)=^yi^ 

^i^ 

3.762  59557 

25.501  30276 

29.263  89833 

29.263  89831 

0.170  52777 

3.366  03441 

3.536  56218 

3.536  56218 

106.994  59999 

26.414  60341 

169.409  20340 

169.409  20140 

2.496  29060 

21.220  10372 

23.716  39432 

23.716  39410 

2.  From  the  formulas  of  (2)  and  (3)  find  A  =  2,  B  =  2\/3,  C  =  0,  D  =  -  6(\/3  +  2),  E  =  -6(\/3  +  l), 
F  =  9(2VT+  3),  5  =  BEG  =  -  60  (x/3  +  3),  |3o  =  a'A  +  CG  =  8,  L  =  /So"  -  a"  GB’  -  -  li  x  2" 

H  -  -  2’[-  48  (\/T+  2)  +  60  (VT  +  3)]  /llx2\  =  +  (2/11)  [26.1961524]  =  -  4.76293680. 

From  Table  2,  2xj  =  4.76293700  =  -  H  =  4.76293680.  Again  computing  N  from  equations  (3), 
find  N  =  -  429.826515.  From  Table  2  find  IIx.  =  -  429.826494  and  IIx;  =  N. 

3.  From  equation  (6),  compute  the  quantities; 

U  =  B/A  =  V  =  C/A  =  0,  W  =  D/A  =  -  3  (V3  +  2),  R  =  E/A  =  -  3(^3  +  1),  T  =  F/A 
=  9(2V3  +  3)/2,  =  c"  +  cW  +  T  =  9/2,  6^  =  R  +  cU  =  -  3,  p'=  a'  +  T  =  Fj  (18V^  +  35), 

Q  =  a7(c^  -  a=)  -  4/5,  k,  -  (GV  +  <^Q)^  -  ^0^  =  -  2‘3V5S  k,  =  -  a^W^  =  +  (1189  +684 \/3)/2^ 

Now  from  equation  (6),  Ilmj  =  H  tan  =  kj/k,  ”  “  5^  (1189  +  684  \/3)/2®3*  “  “  25.756540. 

Now  forming  11  tan  from  the  values  in  Table  2,  find 
n  tan  0j  =  -  25.756539. 


107 


Figure  (26)  depicts  the  solution  graphically. 

SUMMARY  REMARKS  (Plane  Approximation) 

While  the  formulas  (9)  through  (13)  are  convenient  for  hand  computing,  since  no  root 
extraction  is  involved,  the  use  of  trigonometric  tables  may  make  it  unsuitable  for  larger  machine 
coding  and  computation,  and  it  may  be  better  to  use  the  algebraic  solution,  equation  (3).  If  the 
algebraic  solution  is  to  be  used,  the  number  of  significant  figures  to  be  retained  in  the  co¬ 
efficients  of  the  resulting  quartic,  equation  (3),  will  have  to  be  considered  relative  to  the 
number  of  significant  figures  required  in  the  rectangular  coordinates  of  the  intersections  points. 

If  solutions  only  above  the  base  line,  F'  F",  are  desired  (see  Figure  24),  then  in  the 
trigonometric  solution,  equations  (9)  —  (13),  6  should  be  limited  to  >  0  >  a . 

Note  that  the  parameters  a  and  b  of  the  two  families  of  confocal  hyperbolas  are  related  to 
the  fundamental  constants  of  a  Loran  line  by  the  relations  (2.1). 
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APPENDIX  2 


Computations 
Using  Andoyer-Lambert 
First  Order  Formulae  Without  Conversion 
to  Parametric  Latitude 
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DISTANCE  COMPUTING  FORM,  ANDOYER-LAMBERT  APPROXIMATION 
(No  conversion  to  parametric  latitudes) 

Clarke  Spheroid  1866  a  =  6,378,206.4  meters 
f/2  =  0.00169503765,  f/4  =  0.000847518825 
1  radian  =  206,264.8062  seconds 


^  2o  1.  _  A,  /t  /f  43^230 

4^  OO  d0»000  2.  '7^r'/y7//)i/S _  Aj  /6  ^0,000 

sinc^.  >  649  S3723  2.  West  of  1.  AA=A,-  A.=  4^ 

cos  y.,  sin  _  sin  AA  ^  _ 

tan  .e4r45973l  eos  eos  AA  .  ^93/^ _ 

tan  .1  —  cJn  /A  cln  ✓A  4-  /A  f'r.c  /A*  r*rttt  AX  ^  _ 


tan  y.^  cos  y.3  .  cos  AA  ♦  . 

tan  eng  d  =  sin  ^jsin^j+cos  cos  ^jCos  AA  ^ 

M  =  cosyl^tan  ^^J-sinyl^  cos  AA  •  ent  A  =  _^ _  * 


N  =  COS  tan  ^j- sin  COS  A  A 


'^sa/zr^^az 


sin  AA 

.  R  N 
cot  D  =  — : — T-7- 
sin  AA 


si„d..;!!ii±^*«2<*2s-/  .,„A  .7//o4‘}ao 

sin  B  “ 


■^/.ca39(,S6Z 

/24  'to  4Cjlk 


cos  sin  AA  I.  ■  r*r  *  D  A*  ^  Sd 

sin  A  i - 

K  =  (sin  -  sin  ^ *C>2.  ^  /Ci _ 

L  =  (sin  yi,  +siny>j)^  /.  ^"/CZS 2'^’3  _ 
5d  —(f/4)  (HK  +  GL)  -  ^ 

d  (radians)  .0/2<^Z2^ 533^, _ 

d  +  5d  (rad)  *  _ 

2A  2/  33\C3Z 

sin  2A  -.^^9^37^9 _ 

U  =  (f/2)  cosVi  sin  2A  ’‘7'79/S2^4SXfC 

vT  'x  /O'^ 

SA  =  VT  -  u  ^  4  ao/97'^44^6 _ 

+  5A  _ 4^9.  ^^9 

■  A  -/54  -<i^O  ^4^/6 


.  7o^7o4da  R  '^er 

<4  f3' 

H  =  (d+3  sin  d)/(l  -cos  d)  * 

G  =  (d  -  3  sin  d)/(l  +  cos  d) — 
_  s  =!.a  (d  +  5d)  *Z^7‘  S3&_  n,gjgj3 

.  ^3 '^8? _ 

T-,l/eln^  A  ^^>00035 _ 

2B _ 39  Z2”994 

sin  2B  >  ^i7S999Z/G _ 

V  =  (f/2)  cos  V2  sin  /O  'f 

Tin^ 

5B  =  -UT  +V  Z ^ _ 

J.XR  Z3  _ 


4r.2^9 

4<L.StC> 


dc  col44z 


-t-44 

+  180  o 

2Z4 


S9 


a,— 2  “  Aar  ■  180°-  A  +  SA 


flj-i  -  Hi 


=  180°+B  +  SB 


Line  No,  1  (See  Tables  1,2  -  pages  65,66) 
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DISTANCE  COMPUTING  FORM,  ANDOYER-LAMBERT  APPROXIMATION 
(No  conversion  to  parametric  latitudes) 

Clarke  Spheroid  1866  a  =  6,378,206.4  meters 
{/2  =  0.00169503765,  f/4  =  0.000847518825 
1  radian  =  206,264.8062  seconds 


^  s-f  _  A,  j*/ 

2.  Thr/yryhvS  X,  /f 


(fix  ' /^3  C'9^6''S'  2.  West  of  1.  AX=  A,-  X,=  /  f  ^7*  3 

.  AX  -  /s‘3S' 


tan  ^  ^  ^ ^  cos  d  =  sin  ^jsin02+  cos  ^jCos  ^2  cos  AX — *- — ^  ^  ^  ^  ^ ^ 

M  =  cos(;A^tan  ^j-sin^t  cos  AX  cotA=--M _  ^ ^ 

sin  AX 


N  =  cos^jtan^j-sin^jCosAX 


— ,  aoooaoMF 


cot  B  =  — : — XV 
Sin  AX 


_  cos  (^,sinAx  A  . 


^jsin  AX,^.?rj5.^yi^  n  /* 


_ ,  aaacP/^^rS 

o  /  // 

r9 


U  =  (f/2)  cos^i  sin  2A  -T^  ^  (f /2)  ^os  V:  sin  2B  ^ 

- liT  y-/  y>r/  ✓  /g^ 


/  x'  /a-s- 


^g  =  180°-A  +  5A  oj-,  =ag^=180°+B  +  5B 

Line  No,  2  (See  Tables  1,2  -  pages  65,66) 


DISTANCE  COMPUTING  FORM,  ANDOYER-LAMBERT  APPROXIMATION 
(No  conversion  to  parametric  latitudes) 

Clarke  Spheroid  1866  a  =  6,378,206.4  meters 
f/2  =  0.00169503765,  f/4  =  0.000847518825 
1  radian  =  206,264.8062  seconds 


o 

A 


<^1  VS  1. 

sin  7"^^  '  •^•S' 7  2.  West  of  1.  AA=A2—  Ai= _ _ 

cos  -2  «in  ^  ^  ^  ^  «.n  AA 


/  g  tyo  .  <^^d> 

jx:x  3/.  ^^3 


_  sin  ^2  _ 


sin  AA. 
cos  AA. 


VM«»  Y^2  i  i  ■  i  ■■  i  i  ■  ■  i  W  V«P  1^#  »  ■»■■■  ii— p»i  ■■  ■  i  i  ■ 

,  ,  ^.7^7  yyyya.  ^  ^  a.  ' 

tan  <t)2  ^  f  r  jr  d  =  sin  ^jSin^j+  cos  cos  (p^cos  AA - — i- - 

M  =  cos  tan  ^j-sin  ^2  cos  AA ^  f;fit  A  =  ^  ~7'»  /S ^  ^  7 7^ - 

sin  AA 

N  .  cos  0.  t.o  -sin  4,,  cos  cot  B  .  ~  ^‘/99' 

Sin  ^  ^ 

o  9  y7. 


sin 


^  cos  9i.sinAA  -t.a:rOJ9u3 A  ^77^/ 

sin  B 


o 

r-2 


^,2>  /X  jTf/a. 


_  cos  ^jsin  R  -y-X  ad^i^O  p  _ 

K  =  (sin  ^2-  sin  ^,)»//>  \  H  =  (d+3  sin  d)/(l  -  cos 

L  =  (sin  4>,  +sin4f.,Y  ^3.  S'd7  ^/7/9  G  =  (d  -  3  sin  d)/(l  +  cos  X^-T’-STd 


d  (radians)  ^  OST^^  /^7'i  ^ 

S  - 

/7S  ^ 

77 Ti.  J 

d  +  3d  (radl  -^' 9 

T  =  d/sin  d  _ 

/,  £?<yc? 

vx. 

2A  /6  ^ 

^st:  /'t/ 

2B  /f^ 

sin2A/vV^y  :^0(^^J 

sin  2R  - - 

7^79^ 

11  =  rf/21  cos’fA.  sin  2A  •^d'.  V'/’/i  9  /X’  '"■^V  -  rf/2l  sin 

2R  ■'X* 

z  x'  ^ 

VT  — -2  ,  //■,?'  7 

:nr 

i;t  y-  dZ  -X  /y 

M  =  VT  -  T1  — -i" • 

«R=-IIT+V  — 'i" 

^7C  JL  )(  /o  -s- 

o  / 

+  ;>A  — 

y  . 

✓A  'i’/Z 

_ _  o 

j-^R  - 

/ 

///  ^ 

_  A  -  rx  ^7 

7^;?/  <^97 

-*-  90 

aO 

zz,  .j 

+  180  0 

II 

+  180  0 

1 

fi  j 

n,  ,  ^  ^  <5^ X- 

^  A  /  Z  ■2. 

a,.. 

^fO 

^C)  ^  it 

a,-j  =  a^g  =  180°-  A  +  5A 

a,-,  =  ag^=  180°+ B  +  SB 

Line  No,  3  (See  Tables  1,2  -  pages  65,66) 
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COMPUTING  FORM,  ANDOYER-LAMBERT 

(No  conversion  to  parametric  latitudes) 
Clarke  Spheroid,  1866  a  =  6,378,206.4  meters 
f/2  =  0.00169503765,  f/4  =  0.000847518825 
1  radian  =  206,264.8062  seconds 


1.  Origin 


O 

A.  /4 


S/  /S.283 


Terminus 


Aj  //  ^C,Ci>o 


,/72<^2/9 


as  y/ii-7// 


99S  -492  0,3 


_  2.  West  of  1.  AA  =  A2-Ai_s^ _ 

y,  -  -  _ sin  sin  aA_ 

:os  .  ^740^389  AA  _ 

cos  / _ cos  d  =  sin  sin  +  cos  cos  02  cos  AA 

K  =  (sin  02  -  sin  02)’  -  d 

L  =  (sin  01+  sin  02)^ 


.  997  //e^9 


/ 

2/ 


C//722 


./39fS370 


H  =  (d  +  3sin  d)/(i-cos  d)  3346  Q _ 

G  =(d-3sin  d)/(l  +  cos  dl  ,^7.^7-20 - 

5d  =  -f(HK  +  GL)/4  -  2.  3^724 X  70  — 

R  =  sin  AA/sin  d  *  _ T  =  d/sin  d 

sinA  =  Rcos02  _ 

A  /34  Js  Z^ySB 
OA  06  ^2.1Z76 

sin2A _ - 

U  =  (f/2)  cos  ^0,  sin  2A _ 

u fr.A)  -.aG7<^<087^9S‘ 


d  fradiansl  936/77 

sin  d  •>  7^3 

« =  n  rd  ■<-  8d^  407, 797/^  742  meters 


Aocmo  96/76 


.n.m* 


704 


sin  B  =  R  cos  0,  . 

3  -^4 _ ,  ^^6 

OP  <5?  ^7 


sin  2B 


<7787^ 


V  =  (f/2)  cos  *02  sin  2B. 


V  (rad)  '7-,OGf<i>43B97 


U _  V - 

y-P  -/•  4  ^>C> /64'S^773 _ UT  OC>}'6t  <397(76 _ 

SA  =  VT-U jt___±LiJ _ ! l  "/ 77^  SB  =  -TiT4.V  7/  //*/03 

^^g^ifin°-A4.;?A  .£7  44I972  180°+B  +  SB  ^0,6^ 


Line  No.  4  (See  Tables  1,2  -  pages  65,66) 
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COMPUTING  FORM,  ANDOYER-LAMBERT 
(No  conversion  to  parametric  latitudes) 
Clarke  Spheroid,  1866  a  =  6,378,206.4  meters 
f/2  =  0.00169503765,  f/4  =  0.000847518825 
1  radian  =  206,264.8062  seconds 


O  I  M 

01  ~7S _ 3^  Origin 

02  *7^ _ OO/^^02.  Terminus 


o  i  n 

Xi  3  3SJOI 

Aj  //  OO  Cd.Cdit 


sin .'?3'/^92.6Z  2.  u,,, ,,  >  32  Z4-.m 

c,s j.,  020/4  .9ir92‘U4/  .zs-zs^f/az 

oos u,  ■  f 7/7-^  cns .ZS2£'77<i^  41  .94.7^9^44 

cos  ^  74^^^ _  egg  d  =  $in^,  ain  Cftc  A^coc  Ai  * 

g  .iai.  •000-23Z27Z _  d  ■5'  sy.^as 


L  =  (sin  +  sin  "Z*  4 

H  =  (d+3sin  d) /(1-cos  d)  A  7^.  '^^4/7^3 
G  =(d  — 3sin  d)/(l  +  cos  d)  ’  ^ 

Sd  =  - f(HK  +  GL)/4  ^003  V J S' 

R  =  sin  AA/sin  d  ^3/^6" 

sin  A  =  R  cos  ^^73/3 _ 

A  /h  34:'S/3 

<^,Z42 

sin  2A  ^ZOCsO _ 


_  d  (radians)  * 

_  »/oo47‘<^^S 

_  -s  =a(d+/)d)  72S,  7^^  meters 

_  .  n.m. 

T  =  d/sin  d  /'  4^)6/6  ^0:2. _ 

sin  B  =  R  ^os  0,  ^  70^2SOZS 

R  ^  ^'3'^93o 

7R  <5^7 


U  =  (f/2)  cos  ’01  sin  2A _ V  =  (f/2)  cos  ’02  sin  2B _ 

u  -/./^&9S  K  /O-^  V  (rad)  -^/^9^ZSZX/C-^ 


u. 


VT. 


7^/  ?eii,/7K 


V 


5A  =  VT-U  _ 

o  . 

oab  =  180°- A +5A 


/ 

<?/ 


UT 


8B  =-UT+v:^L 


0/ 


r^O  ^38^  180°+  B  +  SB  3'9  0y..<i>0/ 


Line  No.  5  (See  Tables  1,2  -  pages  65,66) 
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DISTANCE  COMPUTING  FORM,  ANDOYER-LAMBERT  APPROXIMATION 
(No  conversion  to  parametric  latitudes) 

Clarke  Spheroid  1866  a  =  6,378,206.4  meters 
f/2  =  0.00169503765,  f/4  =  0.000847518825 
1  radian  =  206,264.8062  seconds 


2.  _/_t 

sin  ^9  2.  West  of  1.  AA=Aj-A,= 

cos  gjn  «•  6  gjjj 

.ray  i;, 

tan  ^2-—-—-^ _ — — _ cos  d  =  sin  ^jsin^2+  cos  ^jcos  ^jcos  AA 


.  rj9 


N  =  cos  tan  ^j-sin^,  cosAA 


sin  d  =- 


—  i0aao^4^S'O 


cot  B  =  -r- 


o 

/ 

f 

It 

^2 

/f 

aa 

K- 

A.= 

9 

/ti. 

sin 

AA 

<  y^S 

//f99 

cos 

AA  ■ 

^  99<^ 

aa<i  -9/ 

cos 

A»  -^-  993. 

a 

I 

7*-,  /aS~  c 

lAA 

--  -  , 

,  <s>4?<5>  /yS'<^ 

>AA 

/ 

//■ 

A 

r3 

<rr 

a  9.  SO’/ 

B- 

9^ 

act 

ySr 

_  cos  02sin  AA  R  .  99  f  999 ff  p  9^ 

sin  A  j  c" 

K  =  (sin  0,-  sin  <^,)^  C>U  J3  h  =  (d  +  3  sin  d)/(l  -  cos  3^ 

L  =  (sin  <f)i  +s\n  <fijY  G  =  (d  -  3  sin  d)/(l  +  cos  X\'~’  '  ^ 

Sd  =- (f/4)  (HK  +  GL)  7*“-  ^ _  s  -  a  (d  +  5d)  meters 

d  (radians)  't' •  9'^  _  g  ^  V  ^ 

d  +  Sd  (rad)  7^^  _  T  =  j/sin  d  ^  S'^  ^  ^ 

2A  7  <r^  9V^ 

sin  ^S- ^0<r 


U  =  (f/2)  cos^(^,  sin  2A 


7*-,  /C  /  i  (> 


o 

2B _ 

sin  9.R  —  - 


V  =  (f/2)  cos  ^02  sin  2B  "*  •  ‘ - i 

fl'p  ^  ^ ^  ^  "3 


^9.  ^-sro 

_ 

J/  y  /o 


VT  ^  ^ ^  ^  y(  oacf^2/ti)  r 

M  =  VT-U - _  5B  =  -UT+V 

.  5A  -  ^  ^  ,5B  _ 

_  A  -  vT/  <g  T-  9<^ 

+  180  o  ,  „  +  180  o  1 

a-,  a2-. 

Cl-:  =  oab  ~  ^ 02-1  =  ag^=  180°+ B  +  5B 

Line  No.  6  (See  Tables  1,2  -  pages  65,66) 


5b  =  -ut+v  j: 
+5B  J= _ Z. _ 

.B-^-f-^- 

+  180  o 


— ,  ,  £>£>i?  A  ///  4^  ^ 


9S. 


a  93 
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DISTANCE  COMPUTING  FORM,  ANDOYER-LAMBERT  APPROXIMATION 
(No  conversion  to  parametric  latitudes) 

Clarke  Spheroid  1866  a  =  6,378,206.4  meters 
f/2  =  0.00169503765,  f/4  =  0.000847518825 
1  radian  =  206,264.8062  seconds 


'/v  s-y  1. 

2. 

sin  (^.  ^  2.  West  of  1.  A 


,  ,  a.  994  9'fa9/  ,  ,y;cC  o ^  ^ 

tan  q>i-zlLJLJL— _ _ _ cos  (p^— _ — _ 


tan  <^2 


«  fS  94994  3 


y/>  ^9 

V3>  S^f3 

/y  <£>// 

c>^c/ 

A.=  7  /4L 

/4 .  yyX 

.  AA 

y^X99 

AA 

</  •3'  <^c?  ^ 

M  =  cos^,  tan  ^j-sin^,  cosAA 
N  =  cos  tan  -  sin  cos  A  A 


cot  A  = 


_  M 


sin  AA 

yy  r93-s9  n 


cot  B  = 


sin  AA 


sin  d 


cos  ^iSinAA 


^  9  9/4 
oc’S4f 

o' 

/^4 


/y'  a  i/.  39^ 


sin  B 


^  MS  sin  g  ..  f^S93  ^ 


sin  A 


B. 

d. 


/3 


j  q  ’f  r  ^  ^ 

K  =  (sin  sin  ^j)  *  99  9  fVC  X H  =  (d+3  sin  d)/(l  -cos  dl  CJ  »  SC 

L  =  (sin  +sin  9*  ^99  /9S'43  G  =  (d  -  3  sin  d)/(l  +  cos  d^  •*•“  *•  / 44 

5d  =-(f/4)  (HK  +  GL)  —  >  a/9 ^^4 _  s  =  a  (d  +  Sd)  ?.f  I.^!?meters 

d  (radians)  i  /4C.  /7  rsff _  ,  V^i9,  i/r4'X  „ 

d  +  Sd  (rad)  -  /44  / J-/  9  _  rj,  ^  J  4^FyS-Z 

of,  2B _ 9  9  -?*?-  ^9^ 


Ik 


Sin 


o 


2A 


^94  S3 


U  =  (f^2)  cos^0,  sin  2A 


-  p.  3  9/0 

VT 

SA  =  VT  -  U  '9‘9f  >  34'  f  33  X ~  ^ 

+  SA  y*  ^ 


2B. 


_ 

,  99  9  9  f33L  JJ- 


V  =  (f/2)  cos  ’^2  sin  2B 


V-  9,?^434  4i.  X' 


UT 


^  g,  */o  933rc>  X  /<^ 


'3T' 


yf.  iT7 


5B  =  -UT+V 

+SB  y 


-//.  ?y  y 


—9 


/y.  yr^L 


-A 


-  /3d> 


/ 


9,  3/4 


t  B 


V4/ 


3'3 


v'<!^  -  ->  y ^ 


+  180 


a, .2 


V9 


sTJL  ^4r3- 


aj. 


+  180  o 


4-9 


sr4>s^ 


Qj— 2  =  a^g  =  180°-  A  +  SA 


a,-,  =a 


BA 

Line  No.  7  (See  Tables  1,2  -  pages  65,66) 


=  180°+B  +  SB 
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DISTANCE  COMPUTING  FORM,  ANDOYER-LAMBERT  APPROXIMATION 
(No  conversion  to  parametric  latitudes) 

Clarke  Spheroid  1866  a  =  6,378,206.4  meters 
f/2  =  0.00169503765,  f/4  =  0.000847518825 
1  radian  =  206,264.8062  seconds 


y-  'pc  _  A, 

6,4-7^  'T^/>WiJjiJS  X. 

sin  6.  •  2.  West  of  1.  AX=X,-X.=  V'^  ^ 

cos^,  .  737  7S^^6Jl 

tan  cos  AX 

tan  cos  d  =  sin  0,sin^j+cos  cos  cfj^ cos  AX 

M  =  cos  (/ij  tan  <^,-sin  cos  AX  ^  rot  A  =  ^  ~ 


N  =  cos  tan  ^j-sin^j  cosAX 


cot  A  =  JL-  —' 
sin  AX 

N  9  f  V'? 

cot  B  =  -T — T-7—  - - 

sin  AX  of  ^ 


sin  AX 


cos  sin  AX  .j^S'fy^SO  .  .  , 


^  <?S'  /jC  7 ^'3 


_  cos  ^^sin  AX  P  ^  7y^  ^ 

sin  A  j 

K  =  (sin  <^i-  sin  ^.)^  9f  9 9 ^Ci>34/ ‘  H  =  (d  +  3sin  d)/(l -c 


^9  /r.  r/<!7 


L  =  (sin  ■^slncf^.Y  y7V^  G  =  (d  -  3 


sin  d)/(l  -  cos  d), 
3  sin  d)/(l  +  cos  d) 


3  J.  7/9  VS 2  3 

—  7<y^ 


Sd  =- (f/4)  (HK  +  GL.)  s  =  a  (d  +  Sd)  _ 

d  (radians)  *  S'yS^  ^  ^  Ji  7'^ _  s  ^ 

d  +  5d  (rad)  *  ^  ~9y  *9  ^  ■S  ^ ^ _  'p  _  j/gin  d  9* 

2A  _ /<?  ^7^  C>  2B _ 9^9 

sin  2A  • —  '  9  9/ _  sin  9.R  9'*  9  9  9 

U  =  (f/2)  cos^,  sin  2A r-?»  =  (f/2)  cos  sin  2B 

VT  oo3  Tf(oO  9/0  -  ^  ut  ~  3.  o^s'V 
5A  =  VT  -  U  ^^^9  */99  5B  =  -UT  +  V  -/•  /  9, 

+  SA  J±: _ *9/>S<jfC  +8B  .J±. _ 

^  fo  atr  /f.  7^3  y 


s  =  a  (d  +  Sd)  ^  ^  ^  ^  meters 

s  ^^9r.99£Ji _ 

T  =  d/sin  d 


+  sa_±l_ 


T  =  d/sin  d  />  ^  o  6,  y  y _ 

2B _ _ S'f  37'  ^ 

sin  2B  y-.  7999999^ _ 

V  =  (f/2)  cos  sin  2B  ~  ^ 

UT  ~  0  9^V  7<ifO  y  /g>-  ^ 

8R  rr-HT  4.V  -y  /  99V  9  ^-9 ^  ^  /o  ~  9 

+8B  ^ _ V/>  / 

^  R  y  S'  9  /fr  ?/o 


o,_.  ?9  ss'  ^  s'f 

Oj— j  =  =  180°  -  A  +  8A  aj  _,  =  a  =  180°  +  B  +  SB 

Line  No.  8  (See  Tables  1,2  -  page:?  65,66) 


s' 9  S9^  S^3y 
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COMPUTING  FORM,  ANDOYER-LAMBERT 

(No  conversion  to  parametric  latitudes) 
Clarke  Spheroid,  1866  a  =  6,378,206.4  meters 
f/2  =  0.00169503765,  f/4  =  0.000847518825 
1  radian  =  206,264.8062  seconds 


0(11  O  I  n 

<!>.  2J  49  Origin  A,  32. 

^  2.  Terminus  Aj  // 

sintjf.,  7^76f  2.  West  of  1.  AX  =  A  -  A, 

cos .7U0^44-4  .1„A>  .776 


cos  f,  •  of.  .rcait  .i„A> 

cos  .  /P434m  4A 


cos  /yy^  cos  aa 

_ cos  d  =  sin  sin  +  cos  cos  cos  AA  * 


cos  V,-?. _ cos  d  =  sini,  sin. 

K  =  (sin<^i-sin^j)"  «  _ 

L  =  (sin  <f)i  +  sin 

H  =  fd4.3.sindVn-cosdl 

G  =(d-3sin  d)/(l  +  cos  HI 

5d  =  -  f(HK  +  GL)/4  jf'  ^^99^ 

R  =  sin  AA/sin  d 

sin  A  =^R  cos  _ 

A  £o  3/  .gz/jg^ 

9A  /2.0  c>2l 

sin2A  .^^^^3079 

U  =  (f/2)  cos  ^<f>i  sin  2A _ 

u  frcH)  >  oo// '9  y^2.o^2 _ 


6-A  =  VT-UJ= _ 

o 

gAP  =  180°-A+5A-^<"^ 


38 _ 

!^/ _  d  (radians')  ^7^" 33 9^8 

'^2^<£>  sin  d  .  3322S 

meters 

9‘?i>  .  ZUxi.  9023  „  „ 

£Z _ T.^/sin^  /./a2/S93-7S 

Z _ .loR.nco.^,  .99999929 _ 

R  $o 

9R  /So  08  ^92.000 

sin 9R-.<:^c:?>^  <^"307^ 

_ V  =  (f/2)  cos  ^(^2  sin  2B _ 

_  V (r.d)  -2.3/727-9^/0-^ 

•*  o  /  </ 

, 4>  93  V  ""  ^c»3t9 

00*3T2  uT _ ^  3e},P^f 

3" 7 .  5B  =  -UT  +  V  jn _ 2/.30Z 

a  D  A  =  180°  +  B  +  5B  2i^9  39  39 '  ^/2 


a 

^cS/9 

2//ise 


Line  No.  9  (See  Tables  1,2  -  pages  65,66) 
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COMPUTING  FORM,  ANDOYER-LAMBERT 
(No  conversion  to  parametric  latitudes) 
Clarke  Spheroid,  1866  a  =  6,378,206.4  meters 
f/2  =  0.00169503765, f/4  =  0.000847518825 
1  radian  =  206,264.8062  seconds 


O  I  II 

^1  2^  /?  Origin 

OO iO&dAi’l.  Terminus 


sin  ^2-  .  7^  7^/  2.  West  of  1. 

cos i,  .7^i>04'444  .1.  .STioSSS/ 


O  I  tt 

AX  =  X2-X, 


cos  ^7/^3 _ jjQg  c|  =  sin^,  sin^2'*'Cr>s^,coS9S2Cos  AX  . 

K  =  (sin  ^2 -sin ^2)'  * 

L  =  (sin  9i,+  sin  ^2)’  j!l' 

H  =  (d +  3  sin  d) /(1-cos  d) 


G  =(d-3sin  d)/(l  +  cos  d) 


d  (radians) 

=a(d+sd)|;^^;f^i^>^  meters 


8d  =  - f(HK  +  GL)/4  -  _ 

R  =  sin  AX /sin  d 

sin  A  =  R  cos  ,^2  ^ _ 

A-^  ^7 

oA 

sin  9A  y~»  ^93^ 


_  sJ^^^^^^Z2_n.m. 

T  =  d/sin  d  _ 

sin  B  =  R  cos  9^2  _ 

9R  o4 

sin  9.R  7^.  999 


U  =  (f/2)-  cos  ’^2  sin  2A _ V  =  (f/2)  cos  ^<f>i  sin  2B _ 

U  (rad)  » 00// Z.0^6^ _  V  (rad)  /  9*f  ^7 9 

O  I  ••  9  \ 


TI. 

o 

1 

M 

V 

o 

t 

,5 

£sl'/49 

VT 

o 

« 

cD" 

/Z^tTSC  T!T  ' 

o 

1 

vT 

t^a,Z33 

8A  =  VT-U 

<s 

« 

/ 

#< 

«R=-TiT4.V 

e 

« 

;s 

Zs'£>3</ 

/J-/ 

'^z”394  180°+  R  +  ;)R 

22S 

1 

II 

00^674 

Line  No.  10  (See  Tables  1,2  -  pages  65,66) 
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INVERSE  COMPUTATION 
(Andoyer-Lambert  Formula) 


Clarke  1866  Ellipsoid 


40-50-6000  Line 


tan  /S  =  b/a  tan  ^ 
tan  0.83909963 

tan  0.70837174 


0.83625502 

0.70597031 


cos  j8i  tan  /Sj  -  sin  )3i  cos  AA 
sin  AA 


5 '1203 
5.443 


cot 

A  0.99659760 

tan  B 

B  0.89069853 


cos  )3i  sin  AA 


angle 

45°  05'  51'!495 

41  41  29 .068 


cos  )3j  sin  AA 
sin  A 


sin  AA  0.86566309 
cos  AA -0.50062701 


in 

0.64150618 

0.57673115 


cot  B  = 


^  cos  jSj  tan  j8,  —  sin  jSj  cos  AA 
sin  AA 


sin  cos  (5  places) 

0.70831073  0.705901 


0.66511838 


sinCT  0.99841720 
cos  a  0.05624132 


0.746738 


cos  a  =  sin  /3t  sin  /Sj  +  cos  /3i  cos  /Sj  cos  AA  a  86°  46'  33'1271 


a,  =  180°+Af  224°  59'  59'1902_ a,  =  180°  -  Bf  138°  23'  43'!030 


Line  No.  10  as  computed  by  ACIC,  converting  to  parametric  latitude. 
(From  Page  39  of  the  ACIC  Technical  Report  No.  80  —  August  1957) 


COMPUTING  FORM,  ANDOYER-LAMBERT 

(No  conversion  to  parametric  latitudes) 
Clarke  Spheroid,  1866  a  =  6,378,206.4  meters 
f/2  =  0,00169503765,  f/4  =  0.000847518825 
1  radian  =  206,264,8062  seconds 


/f  .^9  Orifiin  A.  ^7 

(jii  2.  Terminus  Aj 

sin  2.  West  of  1.  AA  =  A -A,  ^ 

cos  .inAA  . 

cos  cos  '  fT'f 

cos  ^  cos  d  =  sin6.  sin  +  cos  cos cos  AA  ^ 

K  =  (sin  -  sin  -  d  .  ^ 

L  =  (sin  ^t+  sin  j  (radians) 

H  =  r3.3.i.dvrw..d^  ^  F^S'7^  sin  d  -  '>^  f 

G  =(d-3sin  d)/(l  +  cos  d)  s  =  a(d  +  gd)  ■v^^.^^^^'^ters 

>«  =  - f(HK’  4. r.T  .)/A~'-^«  •^'V 7  9-f  s  ^fC3  >  9i7^  / _ 

R  =  sin  AA/sin  d  A<^/7yV9  ‘7<^  /  T  =  d/sin  d  ><>  / ^6^ ^ 

sin  A  =  R  cos  4>.  .d^_^__^±A _ sin  B  =  R  cos 

A  <//  <yg?  r 

OA  OR^/^ 

4^99<7i/ 

U  =  (f/2)  cos  ’^1  sin  2A _ V  =  (f/2)  cos  sin  2B - 

u  1,.^)  /--a-xr-  9''^9-3  -3  V  M)  -  ✓■ 


s  =  a(d  +  Sd)  O/  J  *^^^-^Wers 

^  n.n,. 

T  =  d/sin  d  ✓<> 

sin  B  =  R  cos  ^  ^ 1^^. 

R 

OR^/^  (7f'SJlS^ 

sin  ^^^6-99 

_  V  =  (f/2)  cos  ^02  sin  2B _ 

.  Vfr^dA  —  /.  CC^  y/<^^ 


yr^  ^ 

5A  =  VT-Ti  — _ ^  3B 

“AB  =  _ si^^T  ag 

Line  No.  11  (See  Tables  1,2  -  pages  65,66) 


UT  '  /.  //a- ^ 

gR=-T1T4.V  ~ _ 7 
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DISTANCE  COMPUTING  FORM,  ANDOYER-LAMBERT  APPROXIMATION 
(No  conversion  to  parametric  latitudes) 

Clarke  Spheroid  1866  a  =  6,378,206.4  meters 
f/2  =  0.00169503765,  f/4  =  0.000847518825 
1  radian  =  206,264.8062  seconds 


O  I  !l  V  Oil! 

6,-33  U)  2.  X. 

sin  2.  West  of  1.  AX=X,-  A.=  9 

cos  9JZ  7r  sin  4>. :^V/9f  35„  AX  <^99^^/ 

tan .f.y^V^f99S‘j:L  cos  axt^  9^^ 9^^^^ 

tan  ^  /-S'  7  d  =  sin  0jsin^j+cos  cos  ^jcos  AX  "  ^ ^  ^ ^ 

M  =  cn.^.tan^.-sin^,cosAX-/^^  cot  A  =  _M_  -  3 .  7  ^  7  /  9 

sin  AX 

M  ^  kx-tA  CV3  ,o  N  ^^.333  33/^9 

N  =  cos  03  tan  y,- sin  cos  AX  - 1 —  cot  d  - -7- 


sin  AX 


sin  d  -  ^  ^ 

sin  B 


_  cos  03 sin  AX  r  p 

sin  A  A  0  9 

K  =  (sin  0t-  sin  03)  =  V^/  ^  •  H  =  (d+3  sin  d)/(i  -nns  d^  -/♦  y/  V ^ -a 

L  =  (sin  0.  +sin  0^1^  ^,0  7  A  £>  3  9<P  ?/  '  G  =  (d  -  3  sin  d)/(l  +  cos  j)  A  ^39 
8d  =-(f/4)  (HK  +  GL)  —  cfa7caAS" 4,/^  s  =  a  (d  +  5d)  /S_i5^^^£^f^eters 

d  (radians)  ^A<r9/0^^^3f  s  ^9V9 

d  +  5d  S'fJf3  99^9" _  T  =  d/sin  d  A.ST?  /3  93  - 


2A  33  T  ^9  2B  ^  /  /3 

sin  9.A  ^  3rOA  4~<g* _  in  2B  ~^f..3AL _ 9/  f - 

U  =  (f/2)  cos'0.  sin  9 A ~  W  =  (f/2)  cos  ^2  sin  2B  ^ 

^^-tO  ‘  7:ioa3  UT  -  3  /3C^  / _ 

;?A  =  VT  -w  -t-  9-^^*/  9  f  /  ^R=-HT+v  999)(/^^ 

+  5A  _2^:^ _ 3*  /ctW^  3  +SB  -/•" _ ^ _ 3“9.„/C> 

_  /(  —  /^  */ _ 3'9,  ^  ^  g  ••/•'  /(g? _ ^ *  ^3-3 

+  180  O  I  II  +  180  O  I  "  y 

....  /4-  Vr  yi.93i  /f^ _ ££ _ J/-  VV^ 


Qj— 2  =  ay(g  ~  180°—  A  +  SA 

Line  No.  12  (See  Tables  1,2 


Qj-i  =  a  =  180°  +  B  +  SB 
pages  65,66) 
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APPENDIX  3 


Computations 

Using  Forsyth-Andoyer-Lambert  Type 
Second  Order  Formulae 
Without  Conversion  to  Parametric  Latitude 


125 


^2  ■ 


DISTANCE  COMPUTING  FORM  —  ANDOYER-LAMBERT 
TYPE  APPROXIMATION  WITH  SECOND  ORDER  TERMS 

(No  conversion  to  parametric  latitudes) 

Clarke  Spheroid  1866,  a  =  6,378,206.4  meters 
f/2  =  0.00169503765,  f/4  =  0.000847518825,  fVl28  =  0.0897860195  x  10'* 

O  I  II  O  I  II 

^  A,  yf 


2.  west  of  1.  A\=A2-Ai 

sin  ijiij  sin  AA  ^ 

.  cos  <^1 


sin 

cos  _  _ 

tan  7".  ^9VsS'/  cos  AA  999  9S/3/: 

tan  (f>~  ^  ^ rna.  d  =  sin  sin  <bt  +  cos  cos  cos  A  A  3 

M  =  cos  tan  -  sin  i^j  cos  AX  '  ^ _ cot  u  =  M/sin  AA  ~  S'S'^^ ^ 

N  =  cos  ^2  sin  ^2  cos  AA  2^i _ _ cot  v  =  N/sin  AA  ^ 

sin  d  =  cos  ^jsin  AA/sin  v  =  cos  ^jS'nAA/sin  n 

CSC  d  ^  9Jt^^S'i/S'r  cot  d  y  V  V-/  yA^99 

i^cos^-tAl£i9^££^li_  ,in.. 

(sin  +  (sin  i^^-sin  y  ^ 

Ki  =  (sin^i  +  sin<j!)j)^/(l  +  Cos  dl  tf^  =  fsin  I^j-sin  fA-lVll-nns  d) 

Y=lf^ +lf^  7 f'f  9^  Y  VY  ^ 

Y^  ^  7^.  ^  7*-^ 

A  =  64dj.  +  16d  p  cot  d  7^  D  =  48  sin  d  +8d|f  esc  d  '>*'  ^  _ 

B  =  sin  -Xd  -/•-  94-9  j.  si„ 

C=  -(30<L  +8d/  cot  d  +  F./91  r-  ^  ^  ^^3  A  Y  ^ _ 

RV  —  s/3  dyy  lA  / 17  y 

EY^  S  =  AX4.RY.vCY^4-nYY  +  F.Y^  —  »  ^  ^ 


■f 


5d  j  =-(f/4) (Xd^-3Y sin  31  — »♦  yirX/a^^nA^  =  +(fVl28) 
d  +  gd , ■f'^ d  +5d2+5d/_ 


4£jxxr"  ^  2  <2^ 


S(5d{)  =  a(d^  +  S(5df2)  =  a(dr  +  Sd^  +  gdf2) 

T  =  d  /sin  d  A  ,  „ 


2u 


-V  <iS-Z 


sin  2,. - 99 f 

9S9^9 

11  =  (f/2)  cos’r^.  sin  2»--9'999^:i:i<^-!r9/<}'^\ 
VT  9-  9f  9V9  /  99^  X 

;:.,  =  VT  -  Ti  y--  4PO/9  9  6  X' 

+  su  y“ 

c>  //9- 

9 

1 

Vo  //<^ 

+180  0 

Oi-a  - 

2v 


rf 


v<^ 


sin  2v  ^  ^  ^  ^  ^  C> _ 

=  (f/2)cos^02  sin  2v  r9^ 

7  99  )( /^  -9 

5v  =  -UT  +  \  99 

+  gv  ^  9t  *2  ^  — 

..V  VV  cTS  /A  >^99 


a  2-1 


+180 


^'JTy  9^y 


ai-3 


Ojjy  =  180°-  u  +  5u 


Line  No.  1,  See  Tables  1  and  2.  True  distance _ ”  / 


®2-i  =  ®vu  "  +  V  +  3v 

r9  V90 


.meters. 


126 


DISTANCE  COMPUTING  FORM  —  ANDOYER-LAMBERT 
TYPE  APPROXIMATION  WITH  SECOND  ORDER  TERMS 

(No  conversion  to  parametric  latitudes) 

Clarke  Spheroid  1866,  a  =  6,378,206.4  meters 
f/2  =  0.00169503765,  f/4  =  0.000847518825,  fVl28  =  0.0897860195  x  10’* 


9  ^9  1.  _ A, 

>■  2.  /  G/'y /*7/ /7 yp' 

sin  '  /^3  _  2.  west  of  1.  A\=X;— Aj  ✓ 

cos  sin  AX 

tan  cf>,  4>^  aa  •^'  999 

tan  ens  d  =  sin  ^,sin^2  +  cos  <^,008(^2  cos  A  A  ^  PyQ^ 


tan  <t>i^  ^  ^  — 'S  ^  ^ j  _  gjfj  <f)^sin<f>2  +  cos  <^iCos<^2  cos  A  A  f‘9’^  ^ 

M  =  cos  02  tan  02  ~  sin  0j  cos  AX  ^  _  j^/gjn  AA  '?*' .> 

N  =  cos  02  tan  0j-  sin  02  cos  AA  r~*  _ ^>£>C  f' _ ^ot  v  =  N/sin  AA  —  >  3 

sin  d  =  cos  0jsinAA/sin  v  =  cos  02sinAA/sin  n  i/y$  ^  ^  ^  ’/'^P 

CSC  d  4/  j  r>3%  ^S'  V  9^  ifO 

1  +  cosd7V>  9ff^f/99  1-cos  d  ^/f93  sin  u  ^'999 

(sin  02 +sin  (sin  02— sin  0^1^  ^  sin  V  y* / .  <7  00 

K2  =  (sin02  +  sin02)*/(l  +  cos  ^={<i\r\  02-gin  02)y(l-cos  d'i  9'  '79/'^^ 9/^  ^ 

v°if2-t^i  YY  JS9 9t?/ 

Y^  y,  m>^C3^.99/9^  y^-^.£>o3dSVi.  ^J/V3a  J?  ^ 

A  =  64dj.  +  16d  ’  cot  d  S  D “48  sin  d  +8d|?  esc  d  y^X  9.iS-99'9' 9 _ 

B  =  "  30  s'n  2d  y* /•  •S'/^  /^•S' _ sin  2.d  y* *  ^  9  ^ 

C»  -(30dr  +8d/  cotd+E/9.1  ^/  _ ay  7/^'“<^¥S 

BY— >  py2  9X//  hyy  £■  3  9/^  9 

pya  ¥-,^^>9’^ 99S'9y  ^  S  =  AX4-RY4.CY^4.nYY4-FY"  —  >  C>  ^ ^ c!2 S>  ^  0^4'^ 

5d  j  =-(f/4)  (Xd^-3Y  sin  d)  9^' ^ =  4.(P/128) 2  -  J*  99/0:2.  9  /tjf  “9 

d^  +  99^'-'  d^  +  5d^  +  Sd  ^  9S-S^ _ 

S(sdf)  =  a(d,.  +  999  s(5dp)  =  a(dr  +  5dj  +  u^i\/co^  '  9^  % 

o  /  T  =  d/sin  d  '7*'^  /^6  9 o'" 

2u  y99  "^9  2v  /  fo _ C><^ 

sin  2u  sin  2v  <y<g?g?  <p  Ji  9  C.  9 


2u  9  /r:'9/ 

sin  2.. 


U  =  (f/2)  cos^02  sin  2u  yv^  99 ^\}  =(f/2)cos’02  sin  2v  —  y'.  999  /  9^ 


r9  9  k  /a  - 


+180 

9<9 


vff,  9<>'9 


9<9  XT'  /9^ 


ny  =  180"-u  +Su 

Line  No.  2.  See  Tables  1  and  2.  True  distance 


+180  0 

t 

L  0.  . 

C90 

“2-1  “  ®vu  “  +  V  +  5v 


DISTANCE  COMPUTING  FORM  —  ANDOYER-LAMBERT 
TYPE  APPROXIMATION  WITH  SECOND  ORDER  TERMS 

(No  conversion  lo  parametric  latitudes) 

Clarke  Spheroid  1866,  a  =  6,378,206.4  meters 
f/2  =  0.00169503765,  f/4  =  0.000847518825,  fVl28  =  0.0897860195  x  10'® 


1  -f  cos  d  S  ^  1— cos  d  7^ «»  y  ^  sin  u  •  ^  ^ y 

(sin  +  sin  9/^{ ^  -  sin  /•  V/ ^sin  v  — /♦ 

K,  =  (sin^i  +  sin0j)^/(l+cos  d)  '7dY  K2  =  (sin  ^i-sin  i^jlVd-cos  d^  7  ^  ^ 

Y  ^If ^  y-/>  vV«^4/  V  ° tf ^  7^/.  XY 


/cy*  ^ / 4/ 


s,„  ...  V/ 

U  =  (f/2)  cos^<^,  sin  211-^./*  ^y^/C 
VT  ^  X 


(T-i 


^ /O  =(f '2)cos^^2  2v 

_  TIT  S~ , 


UT  +  V  — >r. 


jjy  =  180°-  u  +  Su 

Line  No.  3,  See  Tables  1  and  2.  True  distance 


S-i  =  «vu  =  +  V  +  5v 


.meters. 


DISTANCE  COMPUTING  FORM  —  ANDOYER-LAMBERT 
TYPE  APPROXIMATION  WITH  SECOND  ORDER  TERMS 
(No  conversion  to  parametric  latitudes) 

Clarke  Spheroid  1866,  a  =  6,378,206.4  meters 
f/2  =  0.00169503765,  f/4  =  0.000847518825,  fVl28  =  0.0897860195  x  10’* 


/S  ^ 

2.  Ai 

sin  ^  2.  west  of  1. 

COS  f  9  _  sin  (^2  y^S^/s>/^  sin 

tan  0,  '^ ■'  x<5~y'*^  ^ _ cog  AA 

tan  _ cos  d  =  sin  ^sin^2  +  cos  (^iCos^2  cos  A  A  ^ 

M  =  cos  ^2  tan  —  sin  cos  ^4^7^ ^(5^ 'J cot  u  =  M/sin  AA  ~* 

N  =  cos  ^2  ts*'  4^~  sin  ^2  cos  AA  ^'^•6 _ cot  v  =  N/sin  AX  7** 

sin  d  =  cos  sin  AA/sin  v  =  cos  ^2®'"  AX/sin  »  ^ 

CSC  A-^/s./fx^^  cot  d V  V  4^  '^9.  ^ H 

1  +  cos  d  ^ ^ ^  1— cos  d  -y** *  ^^/'S /  sin  u 

(sin  (/i,+sin  ^  (sin  ^^-sin  sin  V  '/' *  ^  / 

Ki  =  (sin^i  +  sin^2)^/(l  +  cos  diy< 9  K2  =  (sin  <^i-sin  ^2)V(l-cos  d) 

- - 3 9 :t-- 

7^/  v^ y-<  ^ 

A  =  64dj,  +  16d  *  cot  X  n  =  48  sin  d  +8d|?  esc  d'^4^ 

B  =  -2D  T"  "30  sin  2d  sin  2d  _ 

C"  -(30d-  +8d/  cot  d  4-F/2I  /^~3  9  _ _ AX  ^ '^V  . 

RV  y  cx^^S'.sJl  A^<sr'>f9  dxy  S-  / 

p>Y2  />j».  Vfdrf<iS'^^^  S=AX4.RY^.CX^4.nXY^.EY^  ^ X 

^J  It  1 1\  fyr  i  •  i\  ^<^^7  ^  ^  fv  1  2  /<*2  /■•  v'  ^  ^  yx>  ^ 


sin  ^ 

COS  f  9 

tan  /V  x<57^"^  f 


Sdf  =-(f/4)(Xdj-3Ysin  d)  FiAf  =  ^  OJ/Sr'X  X 


^ry  toy  a  +5dj  + 

S(5df)  =  a(d^  +  ;)df)  S(5dp)  =  a(dr  +  5df  +  Sdj2)_ 

^  /  T  =  d  /sin  A  fX,  ^ 

2u  2v  79 

sin  9.11  *~~  ^ 9.9  ^ _  sin  2v  '^'  99^ 

U  =  (f/2)  cos^^i  sin  9ii  «- ■<•  ^~^/'/  V  =(f/2)cos’02  sin  2v  V 

VT  "f  *  iy£:> /c  ^7'SC' _  iiT  —  *  y 

;?..  =  VT  -  T1  7^/  <g>'<gvj»o^-5~3.  V/  5v  =-UT  + Vvir^ 

+  Su _ ^//  ,  5^ _ 

-  u  —  /'^  9  +  V  •/- 


9v  79-^7 

sin  9v  y-^99f  9'9f9<r' 

V  =(f/2)cos’02  sin  2v  '/*'•  £1^/7^ -^7 97/ 

1 1'P  —  <  eiO  *9/ _ 

5v  =  -UT  +  V  -7^  ,£^£>'.3*Xfr‘y  f  ^ 

+  Sv _ y// 

+  V  •/-  _ 4^^  V^/  ^ 


^9 


^i^,99X 


BO  o  t  "  /y% 

^jf  ^  <r? 


180°-  u  +  5u 


'  Hyy  =  180°  +  V  +  5v 


Line  No.  4,  See  Tables  1  and  2.  True  distance 


yy^.  99r. 


.meters. 
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DISTANCE  COMPUTING  FORM  —  ANDOYER-LAMBERT 
TYPE  APPROXIMATION  WITH  SECOND  ORDER  TERMS 
(No  conversion  to  parametric  latitudes) 

Clarke  Spheroid  1866,  a  =  6,378,206.4  meters 
f/2  =  0,00169503765,  f/4  =  0.000847518825,  f7l28  =  0.0897860195  x  10"‘ 


oil'  ^  - 


J 


'ifi  yy//  X- 


y-.  9x 


FY^  -/V^  Y=AX4-RY4-rX"4-r)XY4.FY^ 


+ (fVl  28)  2  ~/T  '7^>/ 


yfr' 


sin  2v  7^/  ?ff  yfyyo 


UT  + 


/  |5''5"  9/ 


DISTANCE  COMPUTING  FORM,  ANDOYER-LAMBERT 
TYPE  APPROXIMATION  WITH  SECOND  ORDER  TERMS 
(No  conversion  to  parametric  latitudes) 

Clarke  Spheroid  1866,  a  =  6,378,206.4  meters 
f/2  =  0.00169503765,  f/4  =  0.000847518825,  fVl28  =  0.0897860195  x  lO'® 
1  radian  =  206,264.8062  seconds 


_ 2 _ 55 _ ! 

^2  10  0 

=  9  57  : 

2  : 

sin  <l>^  +  0.17295377 


34.569 

25.431 


cos  +  0.98492994  cos  A<f)^  +  0.999999' 

k  =  sin  cos  +  0.17295373 
H  =  cos^A^_-  sin^^_  =  cos^^  -  sin^A^  +  0.97008649 


1.  Origin 

2.  Terminus 


|2.  Always  west  of  1.  I  AA=Aj-Ai 


AA^  =  'A  AA_ 

sin  AA  _ 

sin  AA_ 


sin  A^6n,  +  0.00070507 
cos  A<j)^  +  0.99999975 


10  39  43.554 

18  0  0 

7  20  16.446 

3  40  08.223 

+  0.12772073 
+  0.06399152 


L  =  sin^A^jj,  +  H  sin^AA^ 
d  +  0.1261458534 


+  0.00397292 
Sind  +  0.12581156 


U  =  2kV(l  -  L)  +  0.060064618  V  =  2KVL  +0.000242767 


X  =  U  +  V  +  0.060307385 


Y“U-V  +  0.059821851 


K  =  sin  A^jjjCos  (l>„  +  0.00069444 
1-L  0.99602708 

cos  d  =  1  -  2L  0.99205416 
T  =  d/sin  d  +  1,00265710 
E  =  60  cos  d  +59.52324960 
D  =  8  (6  +  T^  +56.04257008 


A  =  4T  (16  +  ET/15)  +  80.12738460  C  =  2T  -  'A(A  +  E)  -  67.82000290  B“  -2D  -112.08514016 


X(A  +  CX)  +  4.58561299 

(TX  -  3Y)  -  0.118997925 

T  +  5f  +  1.00275795 

2  =  X(A  +  CX)  +  Y(B  +  EY)  +  DXY 
T  +  Sf  +  5f"+  1.00275780 


Y(B  +  EY)  -  6.49212745  DXY  +  0.20218475 

Sf  =  -  (f/4)  (TX  -  3Y)  +  1.00853  x  10~^ 

S,  =  a  sin  d  (T  +  SO  804,665.223  meters 

-  1.70432971  5f"  =  +  (fVl28)  2  -  1.53  x  10~^ 

Sj  =  a  sin  d  (T  +  Sf  +  SfO  804,665.102  meters 


sin  (oj  +  a,)  =  (K  sin  AA)/L  +  0.02232473 

sin  (oj  -  a,)  =  (k  sin  AA)/(1-  L)  +  0.02217789 

A(Sai  +  Saj)  =  -(f/2)  H  (T  +  1)  sin  (oj  +  a^)  -  7.351613  x  10~^ 

'A(Saj  -  Sai)  =  -  (f/2)  H  (T- 1)  sin  (a^  -  a,)  -  0.000969006  x  10' 

O  I  II 

a,  91  16  30.040 

da,  _ r-15J.62 _ 

Ui-j  91  16  14.878 

aj,2  =  fli  +  da. 


a,  +  a,  361  16  45.188 

a,  -  ai  178  43  45.107 

da,  -  7.350644  X  10'^ _ 

Soj  -  7.352582  x  10'^ _ 

O  t  II 

02  270  00  15.147 

Sa2 _ -  15.166 

o,.,  269  59  59.981 

O2-  1  —  O2  +  Sq2 


d  =  7°  13'  39':450 

Line  No.  6,  see  Tables  1  and  2.  (Pages  65,66) 
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DISTANCE  COMPUTING  FORM  —  ANDOYER-LAMBERT 
TYPE  APPROXIMATION  WITH  SECOND  ORDER  TERMS 


(No  conversion  to  parametric  latitudes) 

Clarke  Spheroid  1866,  a  =  6,378,206.4  meters 
f/2  =  0.00169503765,  f/4  =  0.000847518825,  fVl28  =  0.0897860195  x  10'* 


O  I  II  _  O  I  II 

1.  _ A. 

^  2.  _ A^ 

sin  9-^^  2.  west  of  1.  AA=A,-A^  ^ 

cos  3i„  AA 

t.n  7^.  9U  ...  AA  yf/ 

tan  ^  ^  S _ cos  d  =  sin  sin^2  +  cos  cos^2  cos  A  A 

M  =  cos  01  tan  02  -  sin  0i  cos  AA^  t./^L^ —  cot  u  =  M/sin  AA  ' 

N  =  cos  02  tan  0,-  sin  02  cos  AA  't~'  ^  —  cot  v  =  N/sin  AA 

sin  d  =  cos  0isin  AA/sin  v  =  cos  02sin  AA/sin  u  u _ /~S^ _ 

CSC  d  cot  d  ^  f  V  <irs 

1  +  cos  d->-/  l_cos  d  ^^9^  sin  u  7^.  ^ 

(sin  0i4-sin  0.p<*/  0i-fiin  (hy-f  ^n  V  S 

Ki  =  (sin0,  +  sin02)’/(l  +  cos  if^rrlsin  0i-Rin  0.P/ri-coR  d) 

Y ^V^yyj  y/y^^r^  yy  s^/faa 

x^  f^f  ¥s'9  ^  -r./yj  ,t  2  y,  o/s'fji.  ^ 

A  =  64dr  +  16dJcot  d  ^fSS-6  /S'^C  p  °  48  s in  d  +8d/  esc  dJjjlAj^SZZ^^ZZZZ 
B  =  -2D.rv2li<^£:V£££££E-30  sin  9d  -t9.  sin  93  ^ 

C»  -(30cL  +8d;  cot  d  +F,/<)\''  ax  7^/^‘  ^9/  ^C4 

Rv  -.r;  ^9r~^J.  ^  cx^  nyy  ■/-  V.  /^3  ^  A j?  r'J’/ 

Fv^ •/•/< /<^ C  T  =  Ay4.RV4.ryunYY4.EY^  -^3.  og>'rVAXg^^<P 

5d  j  =-(f/4)  (Xd^-3Y sin  $) Sdj"  =  +(fVl28)  2  --^  Y .~“  ^ _ 

d^  +  5d j +  5d j  +  5d ^  _ 

S(5df)  =  a(d^  +  ;idf)  ^  S(5dp)  =  a(dr  +  5df  +  ^ 


T  =  d/sin  8  y.^^<^■^ 

2u  jf  y’f,  63X  2V 

sin  2u  ->  yf^SS _  sin  2v  -7^  9^f 

U  =  (f/2)  cos^0i  sin  2u  =(f/2)cosV*  sin  2v  -^9. 

VT  -t  iiT  ^  X  yyp  ~ 

5u  =  VT-Tl  ~  Sv  =  -UT  +  V  -*  '3*'^' ^ Ar^  ~  ^ 


+  dnJ^ _ ^ _ y^' 

_  u  —/■^y> _ yj^ _ <y</' 

+180  o  I  II 

*/9  vTJZ.  yy,3rj2~ 

0■\.^  ^  -  ■  —  -  - 

a,_2  =  Ony  =  180°-  u  +  5u 


+  Av 

yJ^,S~S'2- 

+  v 

^3 

+180  o  ^ 

t 

It 

a  “j— 1 - 

<r^r: 

®2-i  =  ®vu  “ 


Line  No.  7,  See  'I'ables  1  and  2.  True  distance 


meters. 
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DISTANCE  COMPUTING  FORM  —  ANDOYER-LAMBERT 
TYPE  APPROXIMATION  WITH  SECOND  ORDER  TERMS 
(No  conversion  to  parametric  latitudes) 

Clarke  Spheroid  1866,  a  =  6,378,206.4  meters 
f/2  =  0.00169503765,  f/4  =  0.000847518825,  17128  =  0.0897860195  x  10'* 

O  I  II  O  t  II 

1.  _ Aj  ^ 

-/  ^  2.  /  <3  f  />o /  S _ /  IT  W 

sin  (fii  9 tL. _  2.  west  of  1.  AA=Aj— X^ 

cos  ^ ^ _ sin  <j>2  -  ^ ^  ^  AX  y  •'  ^ ^  ^  ■^— 

tan  _ cos  4,^  cos  AA 

tan  4i^~  _ cos  d  =  sin  ^jsin  4i  +  cos  ^jcos  (f>i  cos  A  A 

M  =  cos  <f>\  tan  —  sin  4\  cos  AX  _  *  Od?//  ^  ^ ^  ^ ^  _  j^j/sin  AA 

N  =  cos  4i  t®n  4\~  sin  4i  cos  AA  ^  _  jsf/s;„  ^x  'T*/^  ^ 

sin  d  =  cos  ^,sin  AA/sin  v  =  cos  ^jSinAA/sin  »  O  ^ 

CSC  d  /.  cot  d  9^99^  V 

1  +  cos  8  y-A  l-cos  d  u  999 

(sin  ^i  +  sin  ^,-sin 9^3f9^9o9‘^//rL  V  y. 

Ki  =  (sin  ^i  +  sin  ^j)^/(l  +  cos  diy'  fS-S:^SS/^  Kj  =  (sin  (j>i~  sin  ^j)V(l-cos 
X =K.  +K,  y/  ^r.f  Y  " K, -Kj 

A  =  64dy  +  16dJcot  d-/>?^.  ^  D  °  48  sin  d  +8d/  esc  d  frT/  9y^  XT- 

B=-<)Ti'-.J^^  F.3f)  sin  9d  i9di994^9/  sin  9d  -f-  VfJ-  ^ /J^ 

C=  -(30dr  +8d/  c^t  A  ^V.l<)\^j4>,  AX  ✓--r ^ 

Rv  ^sr^p.  rx^  ^4'9*-^fyfSy<s  9  nxv  7^  V^.  V 7 

FY^  5:=AX4.RY4.CX^4-nXY4-F.Y^  -/-JJ'  _ 

3d J  =-(f/4) (Xd^-3Y sin  S'S'/3^  gdj^  =  +(fVl28) S 

d  +  Sd  ^  f  99“^^  d  +  3df  +  5d  ]  ^  _ 

r  f  r  f  f  ^ 

S(3df)  =  a(dr  +  3df)  /.  ^a9^J/S'.  ^0^9  S(3df2)  =  a(dr  +  Sdj  +  3dj2)  7^ 

T  =  d/sin  d _ 4  i/7^  ,  y/ 

2u  -S-y^  2v  ^9  or/  (i>-^0 

sin  2u  *~'  *  ^  9^  9 y _  _  sin  2v  _ 

U  =  (f/2)  cos’^, sin  9ii  9i9^~S X/^  ^V  =(f^2)cos*^2  sin  2v  ^ ' 

VT  OOSf9iiO  X  /a  _  HT  X' /d?  ~  ^ 

3u  ^  VT  -  U  9i^ffX  /i>  -  3v  =  -UT  +  V  ?*/<  9^9^  rjfJ^-^‘^X'y{^  '  ^ 


+  All 

-y- 

4-  Av  -7*- 

-  n  — 

fa 

/S.  9^3 

+  V  ■/■  *9^9 

3-f 

/f.f/O 

+180 

0 

99 

+180  O 

<rf 

^1—2  ^UV 

o 

o 

CO 

II 

-  u  +  Su 

®2-i  -“vu  =  +  V  +  3v 

Line  No.  8,  See  Tables  1  and  2.  True  distnneo  ^  ^*^9'S-^9t  mpters. 
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DISTANCE  COMPUTING  FORM  —  AND  OYER -LAMBERT 
TYPE  APPROXIMATION  WITH  SECOND  ORDER  TERMS 

(No  conversion  to  parametric  latitudes) 

Clarke  Spheroid  1866,  a  =  6,378,206.4  meters 
f/2  =  0.00169503765,  f/4  =  0.000847518825,  fVl28  =  0.0897860195  x  10'* 

O  f  II  ^  O  I  Jl 

1.  A,  s 

2.  7^r/*^ _ Aj 

sin  _  2.  west  of  1.  AA=Aj-A, 

COS  .^^99^  sin  sin  AA 

tan  cos  AX  ^ 

tan  -  cos  d  =  sin  sin  +  cos  (jSi  cos  cos  A  A  ^ 

M  =  cos  tan  —  sin  cos  AX'^-V^^  ^ _ cot  u  =  M/sin  AA  ^ 

N  =  cos  9S2  tan  sin  ^2  cos  AA  •^r  — 9^ V  _ cot  v  =  N/sin  AA  JT* 

sin  d  =  cos  ^jsin  AA/sin  v  =  cos  ^2sinAA/sin  n  u  ^  <afy-S^9 

CSC  d  7^/  cot  d  V 

1  +  cos  d  ~t~ /-  7^ 1— cos  d  sin  u  e>yj^'S~/ 

(sin  <^^-^-9.\Tiih^^9A^3y^3  9-^/  (sin  9^^  99  sin  V  '9'~99f 

Ki  =  (sin<^2  +  sin^2)’/(l  +  cos  dl'/'y  7y^  9/6-i'i'^  K2=(sin  ^j— sin  ^2)V(l“COS  d)  'ff././j^...  S.4(2 

x=K.+K,r.  .fvTy  9/  Y°K,-{f,  9-,  9 9 9V{ -y-. 

V  y>  y3^^/  dr  :^-r^ ^^399^^^  y9^3 

A  =  64dj.  +  16d  r  cot  /A?  /^9S  /  D“48  sin  d  +8dr  esc  d 

B  =  -2D-:M^^f;£_£££2iE-30  sin  2d  9-^  f.  9^9  9^3  .\r.  2d 

C-=  *-(30<L  +8d;  cot  d  +F72.)  - _  AX  //  . . . 

RVv.//  9h4  99'7^  ny^  nxv  ///•.  <rf/Jf^7S/ 

EY^  y/y.  9 S’ 9a  yp  S=AXxBY-t-CX^+DXY  +  EY^ 

gd  J  =-(f/4)  (Xdr-3Y  sin  X\9^.aaajS-yi-'994 Sdj’  =  +(fVl28)  X  a// _ 

d  d  4.  ;idr  4.  ;?d  /  9rr^  f<r<9<^  _ 

r  I  r  I  I 

S(5d£)  =  a(dr  +  gdj)  ^ ^  3 »  9  S(gd£2)  =  a(dr  +  Sd£  +  gd£2)  ^  9, 

•  /  T = d  /sin  d  /  Af 9sr ^  /  <. 

2u  2v  ¥S.^/6, 

sin  2.11  '9't  f  9  ^ _  sin  2v  *•  <y  Si- _ ^ _ 

U  =  (f/2)  cos^^j  sin  2ii  «  V  =(f/2)cos^02  ®>**  2v 

VT  — ,  9  TIT  'A- 

All  =  VT  -  Ti  '^.ay>/ 9 _  gy  =  -TIT  4-  V 4'^^  <^'V^ 


yrp  jr^’^ _ 

gu  =  VT  -  Ti  9 _ 

4-  gu _ — _ -^7'  ^ 

-u _ —  f 


jt  ^ 


^ * 

1  11 
<27^ 


=  a,,,,  =  180°-  u  4-  gu 


180°  +  V  +  gv 


Line  No.  9,  See  Tables  1  and  2.  True  distnncp  M  ^  f 


.meters. 
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DISTANCE  COMPUTING  FORM  —  ANDOYER-LAMBERT 
TYPE  APPROXIMATION  WITH  SECOND  ORDER  TERMS 

(No  conversion  to  parametric  latitudes) 

Clarke  Spheroid  1866,  a  =  6,378,206.4  meters 
f/2  =  0.00169503765,  f/4  =  0.000847518825,  fVl28  =  0.0897860195  x  10"‘ 

Oil)  O  I  M 

/f  _ A. 

'7^ /*7 / /y  _ Aj  /  ,4iiaa  at 

sin  ff>^  f' _  2.  west  of  1.  AA=  Aj-Ai.<i^^^ _ 

cos  sin  sin  AA 


tan  _ cos  AA - _ 

tan  i/ij  ^  Of  ^  ^  png  d  =  sin  <^,  sin  +  cos  <j)i  cos  <^2  A  A  7^  ^  ^ 

M  =  cos  tan  ^2  ~  ®*”  ^1  AA  '^' ^ cot  u  =  M/sin  AA  (i 

N  -  oos  ^2  tan  ^1“  sin  1^2  cos  AA  T‘  ^ —  cot  v  =  N/sin  AA  A  ff.f 

sin  d  =  cos  ^,sinAA/sin  v  =  cos  ^2sinAA/sin  u  “f"  —  u - 3^^ — i.,2^2 — 

CSC  d  7^/  ^  cot  d  7/^9^^  V 

\^zosiL±U£lAZ7!!£/!—  1-cos  d  7^^^^/  JfS'ff  sin ., 

(sin  f^j  +  sin  i^.W/ (sin  sin  i^jP  sin  V  ^ 

K2  =  (sin  <^2  +  sin^2)V(l  +  cos  d)  Ai^^^£2^2^IC2  =  (sin  <;62-sin  <^2)V(l-cos  d) 

Y  -y  ^if  y/-  v/^3v<ifj4  V . If , y-/  m  XY  ^/  /vs9f^_ 

V  //  v^  ^/.  9^  967^^9/  4  /V^^S^/  d,  ^ 

A°64d_  +  16d?cot  d  9t^-^ D  ■=  48  sin  d  +8d,^  esc  d  ^  C • 


AX - 


A‘*64dj.  +  16d  jeot  ^7ei^  D  =  48  sin  d  +8d^  cs 

R  =  -9n  -/^-  9^^  F  -  .^0  sin  94 

C=  -(OOd,  +8d^  cot  d  +E/2)  **  - AX-H 


DISTANCE  COMPUTING  FORM  —  ANDOYER-LAMBERT 
TYPE  APPROXIMATION  WITH  SECOND  ORDER  TERMS 
(No  conversion  to  parametric  latitudes) 

Clarke  Spheroid  1866,  a  =  6,378,206.4  meters 
f/2  =  0.00169503765,  f/4  =  0.000847518825,  fVl28  =  0.0897860195  x  10'* 

O  I  II  ^  O  I  II 

Ji  _ A.  7^ 

7^  /'li/h,  _ Aj  ^  f 

sin  "T _  2.  west  of  1.  AA=Aj-A,'^/fy 

cos  ^  ^  sin  sin  9f3/J^ 

tan  fA,  "  ^S~/  _ cos  <;Aj  7^  j/  cos  AX  ^  99 9 _ 

tan  7^7 ^ j  =  sin  .>in^j  +  cos  cos^j  cos  A  X  7^ 

M  =  cos  tan  —  sin  cos  AX  7 ^^9 9 cot  u  -  M/sin 

N  =  cos  (f)2  tan  (f>^—  sin  cos  AX  _ cot  v  =  N/sin  AX  3 c^/ 

sin  d  =  cos  ^,sinAX/sin  v  =  cos  ^jSinAX/sin  u  ^ // .  u  _ ^  ^  S  9  ^  ^  9 

CSC  cot  d  V  9^ 

1  +  COS  d  ^ 9'^  7 ^  1— cos  d  7^*  ^9S  / 7«a^  sin 


d-^  % 


(30dj  +8d;  cot  d+ E/2) 


^-O  v3'V»?.?  ^2— 


ocsj?/-y9.-^ 


U  =  (f/2)  cos’0i  sin  2ii  ^9999 ^ ^ /y  V  =tf/2)cos^^j  sin  2v  ~ 


VT  ~  9>  99-^ /S? X  yy 


Su  =  VT  -  Ti  -  ^  <yy/^f99  ¥ / 


IIT  9-/.6^/73dC,X  ^ 


cx?/  V 


■jy^  yf3 


=  180°-  u  +  3u 


<7<7  7// 


®2-i  “®vu  ~  +  V  +  5v 


Line  No. 11,  See  Tables  1  and  2.  True  distance  ^  /i^f' 


meters. 


DISTANCE  COMPUTING  FORM,  ANDOYER-LAMBERT  TYPE  APPROXIMATION 
WITH  SECOND  ORDER  TERMS 

(No  conversion  to  parametric  latitudes) 

Clarke  Spheroid  1866,  a  =  6,378,206.4  meters 
f/2  =  0.00169503765,  f/4  =  0.000847518825,  fVl28  =  0.0897860195  x  10"® 

1  radian  =  206,264.8062  seconds 


o 


II 


1  A. _ 

2.  Aj _ 

rk ^  ^  ^  S'S  //f - 2.  Always  west  of  1,  AX=Aj-A, -i* ^  9^ 

hi, „=  V^{4,^- i,,)  - _ 1 _  A\„=  AA  ^  Yf 

sin  s\nh<l)j^'~'  9 sin  AA  . — 

cos  '  3i^3  ^ cos  A^^  7^  ^ sin  /■? tS' 

k  =  sin  cos  h^,^  ^  ^>5  ^ _  K  -  sin  A^^^cos  ^ ^ 

H  =cos^A<^j,,-sin^0^  =  cos^<^y^^-sin^A^n,  7^ ^  1-L  'Z'' 

T.  =  fiin"A.A,^^4-Hsin=»AX,^^  ^00.^/?9  4/9y _  cos  d  =  1-9.1.  7^ 

A^,^fs  7f9-?rf-s  Sind..  T.d/sin d 4. 

Ti=2k7n  -Ki  -tA  V/^  9  v=2KVl  y">  V^y  ^  V 

4-S^/JS^/rr  </^y  F„fin  cos 

A  =  4  r  1 6T  +  (E  /1 5)T^]  ^  D  =  8(6  +  T^)  ^>5"'^  " 

R=-9n  C'Vi>  fff  _  c=2T-'4(A4-f,)  '-C  7-  ^/6.-C -Z- 

Av  Rv  ^/f9.  zv:Tjzd:tJm::21M/ 

nxY  =  -  (f/4)  (TX-3Y)  9?^  ^ 

T  X  ;ij  -7^  /,  ad  ^4^9  9^  9 _  _  S,  =  a  sin  d  (TH.gf)-r.f^ 

5fs  =  +  (f  V128)  (AX  +  BY  +  CX"  +  DXY  +  EY7  )(  /d> 

T  +  gf  +  5f7  :tJ *  <f.9j/j/ _  S,  =  a  sin  d  (T+gr  +gf2)  ^ OOy 

o  I  H 


sin  (a, +a,)  =(Ksin  AX)/L J?  V  ^c? (^ _  "^“i  _ S'S^^  /^ 

sin  (oj-  a,)  =(k  sin  AA)/(1-L)  99S^,^  a,-a,  /^.r" 

'/2(ga.+  ga, )  =  -(f/2)  H  (T  + 1)  sin  (a ,  +  a,)  f  ?  9J.S/ Say  S3<5>  “ 

54(ga2  -  go,)  =  -(f/2)H(T-l)  sin  (a,  -  a,)  JITLi 


(7^.  ^30 

a,  •  ^9 

^J^/39 

T.  -/~ 

3)0 

/)3n  ^3'JO 

Sa,  '7^  <90 

730,,  99^  9 

y9 

a?.  9fO 

a.  . 

vTf  -  9997' 

a,-,  =  +  a,  +  ga 

1  j 

02-1  =  +  02  +  SOj 

dr.  *3"“ 

Tr..n  disfnnnn  ,  OCO  .  30 

True  Azimuths 

^6^0 

/7  09^79 

9S~  <O0  d!<3 

’  ,3cy3i 

Line  No,  12 


137 


X.  X. 


DISTANCE  COMPUTING  FORM,  ANDOYER-LAMBERT  TYPE  APPROXIMATION 
WITH  SECOND  ORDER  TERMS 
(No  conversion  to  parametric  latitudes) 

Clarke  Spheroid  1866,  a  =  6,378,206.4  meters 
f/2  =  0.00169503765,  f/4  =  0.000847518825,  fVl28  =  0.0897860195  x  10"‘ 

1  radian  =  206,264.8062  seconds 

O  I  II  ^  O  t  N 

1  A. _ 

cry  /f  ^y.3/9^.  a, _ 

^  Always  west  of  1.  = 

-5-^:^  '  AA„,=  1<AX^-^  /S' 

<r'7'?'Z^_  sin AA ■  ^ ■ 
cos  cosA4^  7^.  P9r  ^  sin  A^T^^ 

k  =  sin  cosA(f>^  f3f  /3f3  ^ ^ _  K  =  sin  A(^„cos  7^  ^9 

H  =cos^A^,jj-sin^^,„  =  cos^^^-sin^A^^  -? - 1  -L  -2^ 


L  =  sin^A^^+H  sin^AAn,  • 
U  =  2k7(l-L).7t/^-y><5: 

Y=T14.V7-/. 


sin  d  + 


Y=n-v 


_  COS  d  = 

T  =  d/sin  d  +  /<? 

V  =  2K*/L  9 S' 9  <f 

3  XY  y/ 

39as3^v.  =60  cos  d 


D=8(6+T’)  7*-4~2$ .  ^vr:5/<5  y  J 
C  =  2T- )<( A  El  - ^  ^  S-i 


DISTANCE  COMPUTING  FORM,  ANDOYER-LAMBERT  TYPE  APPROXIMATION 
WITH  SECOND  ORDER  TERMS 

(No  conversion  to  parametric  latitudes) 

Clarke  Spheroid  1866,  a  =  6,378,206.4  meters 
f/2  =  0.00169503765,  f/4  =  0.000847518825,  fVl28  =  0.0897860195  x  10"* 

1  radian  =  206,264.8062  seconds 

4,,  /'f  1.  _ X. _ 

2.  Always  west  of  1.  AA  =  Xj-A^  7 

A^„=»/^(^,-^.)  ^  ^99 _  aa^=)^aa_.£ _ 

sin  ^ ^  sinAi^yn  /  sin  AA  ,  7*"^ ^ — 

cos  (f)j^  ^ ^ _ cosA^jj,  sin  AAj^^ 7^ f 

k  =  sin  (j}^  cos  Ai^^  -  K  =  sin  A^^cos  <j)^  ^  ^ 

H  =cos"A(^n,-sinV^  =  cosVn,-sin^A.^n,--^<it5y_<V>f.ir".^ - 1-L 

T,  =  sin^A^,^^4.Hsin^AA,^,  _  cos  d  =  1-2L 

d  ■«■  '/SS  7 jf  ^  sin  d  +  T  =  d/sin  d  + 

Ti=2kvn-T.i  <29^ v=2KVL  t*.  V 9/ 

x=U4.v  9:iA  9  y=\\-v^.^SJJ3U^3  xy  —  > 3^76^ 

Tr=A0  cos  8  z-s-f. 

A=4(16T  +  (F,/1.S)T^]  n=.8(6-t-T^)  ^ ^  ^ 

R=-9n  <7,^/ _  C  =  2T-'X(A-<-El  — ^ 

AY  ^ ^93  RV  rY»  ^  09 <^4^3 

nxv  —/'7-  ^^9^  f  EY^  y:^±^y21£2^\  =  -(f/4)  fTX-svi  — 

T  +  ^S'3 _  S.=a  sin  d  (T  +  5f )_££^-f:llfl_£^:i_„ 

5p  =  +  (fVl28)  (AX  +  BY  +  ex'  +  DXY  +  EY')  */S  / /^  ""  ^ _ 

T  +  gf  +  5fa  _  S,  =  a  sin  d  (T+Sr  +8a)  . 

sin  (q, +a,)  =(K  sin  AA)/L  •7*'<  ^  ^ _  «: +«!  _ •^^-^''3/ 

sin  (cj-  Cl)  =(k  sin  AA)/(i-i.)  7^^-^  S^<r9<^9  a,-a,  ^^.zsy 

/^(g«i+  Suj)  =  -  (f/2) II (T  +  1)  sin  (a  1+  o']!  X/^  '^gn,  ~<°7.  S'9'-?^ )f/£^  ^ 

'AiSa,  -  8a,)  =  -(f/2)H(T-l)  sin  (a^  -  - ^  ^9^'')(/0  -  ^  — ?>  ^ 

Cl  -  .zJf  yjz. 

Sa,jz^ _ i2 _ 2 

J'J 

a, -2  =  +  Oi  +  Sa, 

/  Vf  J>%P93 


o 


Ct. 

Soj  _ 

a2-i-v£<gyll 


Cj-i  =  +  02  +  Sc 
True  distance 


^S'/ , 

- 7* - 


.  meters 


True  Azimuths 


/^r  js  / 


Line  No.  14 


DISTANCE  COMPUTING  FORM,  ANDOYER-LAMBERT  TYPE  APPROXIMATION 
WITH  SECOND  ORDER  TERMS 
(No  conversion  to  parametric  latitudes) 

Clarke  Spheroid  1866,  a  =  6,378,206.4  meters 
f/2  =  0.00169503765,  f/4  =  0.000847518825,  fVl28  =  0.0897860195  x  10"‘ 

1  radian  =  206,264.8062  seconds 


A\=A,-A._Z _ 

A\„=  AX  y 
_  sin  AX 

_  sin  7*:  V3r 3^9 

...A 

n  cos>  9>m - 3 — 'TTZr 

r-  1-T  9rtp  <r4y<s-' 

cos  d  =  1-2  L 


A  4-/  1,  dr-/Jy>) _ j _ 

<;?>■/>  f  9  /•  _  Xj _ 

r=i4(^4-.^^)  7*~ f  2.  Always  west  of  1.  AXsXj-X, _ 2 _ 

A<f> „=  %{<!>,- (/>,)  -y  _  Ax^=  AX 

ci'n  -3^^  <i\n  Kj.  -  sin  AX 

cos  //39<^  cosA0^  •?*>  ^  ^  ^  3 sin  ^ 

k  =  sin  ^jjj  cos  A^^  ^ ^ ^  7 _  K  =  sin  A^^  cos 

H  =cos^A^n^-sin^9S,^  =  cos^^^^-sin^A^^  1-L  '^'  77^^  yS 

T.=sin^A^„^4-Hsin^AA„^  f'7  'y^yy^ _  COS  d  =  1-2  L 

A  4.  >/f3  yVd  ^^4"^  sin  d  4.  *  /f/  T  =  d/sin  d 

Ti=9.kVn -T .1  y-/ S3 V=2KVL  v-.  V9/ 

Y,.TUV  3 

V^  4^^ 9^  F  =4ft0  cos  d 

A = 4 [  16T  +  (E/15)T']  7^  9  Ji  D = 8(6 + T*)  '7sr<i  >  ^ 

Rr,-9n  '-//Ji-  _ r^OT-UfAg-El  y 

AY  y  RV  -  9K  y  cx^  99d?^s-'7X^/ 

=  -(f/4)  (TX  -3Y)  ?*: 

T  4.  ;?f  A  irSSr^.^  ^JL _  S.  =  a  sin  d(T4-Af)  ^ 

Sp  =  +  (fVl28)  (AX  +  BY  +  ex'  +  DXY  +  EY')  ^ 

T  +  Sr  +  gf^y-  _  S,  =  a  sin  d  (T  +  gr  +8f^)  /? 

O  t  H 

sin(^.+o.)=(KsinAX)/L ^  a.+a,  /JT 

sin  (cj-  Cl)  =(k  sin  AX)/(1-L)  7^ «  / i7/  */7 ^  Oj-  a, _ /"^Z  <2^/ 

*/^(ga,+  Sa, )  =  -  (f/2)  H  (T  + 1)  sin  (a .  +  a,)  7^  9  ^  f:i  :i- /-T 9  X /^  -  ^  ga.  ^  9^  Z  :^9  ZZAZAi>  '  ^ 
V^{ha^  -  ga.)  =  -(f/2)H(T-l)  sin  (a,  -  a,)  -  -  ^  8„^  r  Z-  ^<9^9^ //£> 


ai_2  =  +  a,  +^Sai 


^99 

^7.h'S‘ 


g,  ^^9  y^y  yyjZ 

_ 3  Z9Z 

«,,  ^Jl^9Z<P 


True  distance 


a2-i  =  +  02  +  Sa2 


meters 


True  Azimuths 


j^^9 


Line  No.  15 
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DISTANCE  COMPUTING  FORM,  ANDOYER-LAMBERT  TYPE  APPROXIMATION 
WITH  SECOND  ORDER  TERMS 

(No  conversion  to  parametric  latitudes) 

Clarke  Spheroid  1866,  a  =  6,378,206.4  meters 
f/2  =  0.00169503765,  f/4  =  0.000847518825,  fVl28  =  0.0897860195  x  10"‘ 

1  radian  =  206,264.8062  seconds 


Old  Old 

1  K,  -^'7  ys:^sz>(^) 

2.  c:^AP£  ✓/. 

^  Sf.a  2.  Always  west  of  1.  =  -T^-Zf  aS" 

AX v.wy-9  yz 

Z^A~.//:fA:7  sinAX2LisL^_^L£Z^ 

^/ff/  .in  AX^^^ 

k  =  sin  0JJ,  cos  A0^  1^-.../-^* Z ^ 9 K  =  sin  A<^^cos  9^ Z 

H  =cos^A(^^-sin^^jj^  =  cos^(^^-sin^A^^  7*“ ^  ‘7/ Z - 1-L  Z"*  Z^^.. — ^.^.. 

T,^.in^A.^,^^4-H..in^AX,^^  yS3  9/ _  rn.  d  =  1-2T.  ^ 

d  -4-  /  .ind.^  .  99999V:rf  T^d/sin  d  AS^9/3fJi  Z7. 

V  =  2K"A.  T'  /•  f'Pf  S'  7 

y-A  yjd  v=T?-v  J 97 9xy  -3- 

cos  d 

A  =  4 n 6T 4- (E /1 5)T^1  Z 3 A 6" X  D=8(64-T^)  A 

R=-2n  '-/37':roiP  V793 _  c=2T->/,(A4-F) 

^x-Z/99,  3Z/3Zr/S^Zm  939^ 3  rv^ 

Ysx'^^jy^,  ^Ao3/S  ^3/  EY^  -S^.  f<^74'77yi’^^  =  _(f/4)  (tx-3Y) 

T  4.  ;ij  7*-/  _  S.=a  sin  d  (T  +  ^f)  f^S 

Sf2  =  4-  (f  yi28)  (AX  4-  BY  4-  ex'  4-  DXY  4-  EY')  -AA  7 77  V7  / 

T  +  8f  4-  5f2  ,7*'/»  S  7.Z.A7  7  A  7  Z _  Sj  =  a  sin  d  (T 4-  5f  4- Sp ) .  A7y.  A^.  ^ 

0  1  » 

sin  (n,  4a^)  =(Ksin  AA)/L  yVCf  _  Oj  4-a,  _ ^  ^•^’7-S~9 

sin  (oj-  fli)  =(k  sin  Axi/d-Dy-.^//  6 <’97  9  ^/  7A>  F^9 

‘/^(Sa.4-Sa,)=-(f/2)H(T4-l)  sin  (o .  4-  a,)  A  f93  Y  ~  ^  -^9.  ^ 

'-4(Saj  -  5ai)  =  -(f/2)H(T-l)  sin  (a,  -  a,)  JZli  V/fAl>9cf:^  ^  Z3.C9Sr999X/7-Z 

a. _ 2cL _ 79 A  g,  Ao  Ja 

5ai_3dl _ _ A^ «  3  dai  *>*" _ ^i _ S' f>  A^  7~ 

a,.2 _ /^r-  77  /A .  9S9  a,.,  /9<9  -39  VAS'~ 


ai^  =  4-  g,  4-^Sgi 

d  = _ 


d 


gj_,  =  4-  02  4-  8a2 

True  distance  — /.O.S^.yOA  9'  O  (7  .  meters 


True  Azimuths  j/f  /7.  C^Z 


/‘90  m9  S->,y.08' 


Line  No.  17 
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